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Graphon-LQR Control of Arbitrary Size Networks of Linear Systems

Shuang Gao and Peter E. Caines

Abstract— To achieve control objectives for extremely com-
plex and very large scale networks using standard methods is
essentially intractable. In this paper, we exploit our previously
proposed graphon control methodology to approximately reg-
ulate complex network systems by the use of graphon theory
and the theory of infinite dimensional systems. Conditions on
the exact controllability and the approximate controllability
on graphon dynamical systems are investigated. Approximation
schemes to approximately regulate large network systems with
linear quadratic cost are developed. The convergence properties
of the approximation schemes are proved. Finally, two simu-
lations of the application of graphon-LQR control to complex
networks are presented.

Index Terms— Graphon control, large networks, complex
networks, graphons, infinite dimensional systems

I. INTRODUCTION

Complex network systems such as biological, gene, brain,
citation, electric and social networks, are ubiquitous, and
the study of large scale networks has been the focus of
much research over the past 15 years. In particular, re-
searchers have been studying networks of interacting dy-
namical systems to learn which collective behaviours may
emerge from system interactions over a complex network
([1]). Furthermore, in addition to the structural properties of
networks, system theoretic notions such as controllability,
observability, consensus dynamics and synchronization have
been widely applied ([2]-[10]). In fact, to achieve general
control objectives for extremely complex and very large
scale networks (henceforth, complex networks) using such
standard methods is usually an intractable task. In response to
this, we proposed what we term as graphon control theoretic
methods in [11]. In that work, the minimum energy state to
state control problem is analysed. In this work, we further
develop the graphon control theoretic methods to solve the
regulation problem on complex network systems with linear
quadratic costs. In addition, we investigate conditions on the
exact controllability and the approximate controllability on
graphon dynamical systems.

Consider the problem of applying linear quadratic regula-
tion (LQR) to each member of a sequence S of networks.
The proposed control strategy consists of the following
steps: (1) Identify the graphon limit of the sequence of
networks as the number of nodes goes to infinity. (2) Solve
the corresponding LQR problem for the limit system by
solving the limit system Riccati equation. (3) Approximate
the Riccati equation solution for the limit system so as
to generate approximated control laws for finite network
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systems. Alternatively, directly approximate the control input
generated for the limit system and apply the result to the
networks of systems along the sequence S.

II. PRELIMINARIES
A. Graphs, Adjacency Matrices and Pixel Pictures

The underlying structure of a network can be described by
a graph G = (V, E) specified by a vertex set V and an edge
set E which represents the connections between vertices.
An equivalent representation of a graph G = (V, E) by a
matrix called an adjacency matrix is defined to be the square
[V] x |V| matrix A such that an element A;; is one when
there is an edge from vertex ¢ to vertex j, and zero otherwise.
If the graph is a weighted graph where edges are associated
with weights, then the adjacency matrix has corresponding
weighted elements.

Another representation of the adjacency matrix is given by
a pixel diagram where the Os are replaced by white squares
and the 1s by black squares. The whole pixel diagram is
presented in a unit square, so the square elements have sides
of length L, where n is the number of vertices.

010001100000
101000010000
010100001000
001010000100
000101000010
100010000001
100000001010
010000000101
001000100010
000100010001
000010101000
000001010100

Fig. 1. Diirer Graph, Adjacency Matrix, Pixel Diagram

B. Graphon

Graphon theory was introduced and developed in recent
years by L. Lovéasz, B. Szegedy, C. Borgs, J. T. Chayes, V. T.
So6s, and K. Vesztergombi among others in [12]-[16]. This
work draws on graph theory, measure theory, probability,
and functional analysis. In the literature(see e.g. [16]), a
meaningful convergence with respect to the cut metric is
defined for sequences of dense and finite graphs. Graphons
are then the limit objects of converging graph sequences.
This concept is illustrated by a sequence of half graphs ([16])
represented by a sequence of pixel diagrams on the unit
square converging to its limit in Fig. 2.

iy,

Graph Sequence Converging to Its Limit

Fig. 2.
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The set of finite graphs endowed with the cut metric
gives rise to a metric space, and the completion of this
space is the space of graphons. Graphons are represented
by bounded symmetric Lebesgue measurable functions W :
[0,1]> — [0,1], which can be interpreted as weighted
graphs on the vertex set [0, 1]. We note that in some papers,
for instance [17], the word “graphon” refers to symmetric,
integrable functions from [0, 1] to R. In this paper, unless
stated otherwise, the term “graphon” is used to refer to
functions Wy : [0,1]2 — [—1,1] and G3P denotes the space
of graphons. Let é(s)p represent the space of all graphons
satisfying Wy : [0, 1] — [0, 1]; let GSP denote the space of
all symmetric measurable functions W : [0,1]? — R.

The cut norm of a graphon is then defined as

Wllo = | W(z, y)dzdy| (1

MXxT

sup
M,TC[0,1]
with the supremum taking over all measurable subsets M
and T of [0, 1]. The inequalities between the different norms
on a graphon W are

[Wlo < [[Wll < [[Wll2 < [[Wllee < 1. 2

Denote the set of measure preserving bijections from [0, 1]
to [0,1] by Sjo,1). The cut metric between two graphons V
and W is then given by

dg(W,V) = inf |W?-V 3
D( 5 ) ¢€1§1 H ”D) ()

[0,1]

where W%(z,y) = W(o(z),#(y)). We see that the cut
metric dg(-,-) is given by measuring the maximum discrep-
ancy between the integrals of two graphons over measurable
subsets of [0, 1], then minimizing the maximum discrepancy
over all possible measure preserving bijections.

Since the cut metric of two different graphons can be 0,
strictly speaking it is not a metric. See [14], [18] for various
characterizations of when the cut distance is 0. By identifying
functions V and W for which dg(V, W) = 0, we can
construct the metric space G which denotes the image of
G3P under this identification. Similarly we construct GgP
from GSP and GSP from G®P.

We define the L? metric for any graphons W and V as
dr2(W,V) = inf [[W?-V
p(W.V) = nf | 2

ol

= inf / We(z,y) — V(z,y)|>dedy
Mm( W) = Vi)

Then we can prove that for any two graphons W and V
do (W7 V) <dp- (Wv V) “4)

C. Compactness of the Graphon Space
Theorem 1 ([16]). The space (GgF,dp) is compact.

This remains valid if Gg is replaced by any uniformly
bounded subset of GSP closed in the cut metric [16].

Theorem 2 ([16]). The space (G3P,dn) is compact.

Sets in GIP compact with respect to the L? metric are
compact with respect to the cut metric. It follows immedi-
ately from (4) and Theorem 2 (or Theorem 1), if a graphon
sequence is Cauchy in the L? metric then it is also a Cauchy
sequence in the cut metric and under both metrics, the limits
are identical in GIP (or GgP).

D. Step Functions in the Graphon Space

Graphons generalize weighted graphs in the following
sense (see [16]). A function W € GIP is called a step
function if there is a partition @ = {Q1, ..., Q& } of [0, 1] into
measurable sets such that W' is constant on every product set
Qi xQ;. The sets @, are the steps of W. For every weighted
graph G (on node set V(G)), a step function Sg € GIP
is given as follows: partition [0, 1] into n measurable sets
Q1,- -+ ,Q, of measure u(Q;) = gg;, then for x € @); and
y € Q;, we let Sg(z,y) = 5i;(G), where «; denotes the
node weight of i*" node, &(G) = 3", a; and S3;;(G) denotes
the weight of the edge from node i to node j (ie., B;;
is the ij'" entry in the adjacency matrix of G). Evidently
the function Sg depends on the labelling of the nodes of
G. We define the uniform partition PN = {P|, P,, ..., Py}
of [0,1] by setting P, = [52, £),k € {1,N — 1} and
Py = [, 1]. Then pu(P;) = %, i € {1,2,..., N}. Under
the uniform partition, the step functions can be represented
by the pixel diagram on the unit square.

E. Graphons as Operators

Following [16], a graphon W € G7P can be interpreted
as an operator W : L2[0,1] — L?2[0,1]. The operation on
v € L?[0,1] is defined as follows:

Wl(z) = /0 W (2, a)v(a)da. )

The operator product is then defined by

1
[UW](,y) = / Ule, )W(zp)dz,  (©)

where U, W € GIP. Note that if U € GI” and W € G,
then UW € G7P, since for all z,y € [0, 1]

1
[UW]( )] = | / Uz, )Wz, y)dz|
i 7
< / U, 2)W (2. )ld < 1.

Consequently, the power W of an operator W € GIP is
defined as

Wn(x7y) = W(mval)"'w(an—by)dal "'dan—l

(0,1]"

with W™ € GIF (n > 1). WO is formally defined as the
identity operator on functions in L?[0, 1], but we note that
WP is not a graphon.
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FE. The Graphon Unitary Operator Algebra

We have an operator algebra G 4 over the field R (see [11])
acting on elements of L?[0,1] as given by equation (5). By
adjoining the identity element I to the algebra G 4 we obtain
a unitary algebra G 47. The identity element [ is defined as
follows: for any W € L2[0, 1]

TW)(z.) = / W (z,y)0(x, 2)ds = W(z,y),  (8)

where §(-, z)dz is the measure satisfying fol u(2)0(z, z)dz =
u(x) for all u € L?[0,1], and in particular fol §(x,2)dz = 1.
The graphon unitary operator algebra G 47 will be used in the
definition of the controllability Gramian and the input oper-
ator. More specifically, we use the subset G, = {G4, I}
where G is the set in G4 that corresponds to GS3P.

G. Graphon Differential Equations

Let X be a Banach space. A linear operator A : D(A) C
X — X is closed if {(z, Azx) : © € D(A)} is closed in the
product space X x X(see [19]). £L(X) denotes the Banach
algebra of all linear continuous mappings 7" : X — X.
LP(a,b; X) denotes the Banach space of equivalent classes
of strongly measurable (in the Bochner sense) mappings
[a,b] — X that are p—integrab}e, 1 < p < oo, with norm

1oy = [Jo 1F(s)lPds] " Let A5 [0,1)% = [=1,1]
be a graphon and hence a bounded and closed linear operator
from L2[0, 1] to L?[0, 1]. Following [20], A is the infinites-
imal generator of the uniformly (hence strongly) continuous
semigroup Sa(t) = eAt = S0 tklﬁk. Therefore, the
initial value problem of the graphon differential equation

vt = Ayt, yo € L?[0,1] 9)

has a solution given by yy = etyq.

Theorem 3 ([11]). Let {An}3_, be a sequence of graphons
such that Ay — A, as N — oo in the L? metric. Then
for all x € L2[0,1], eANtx — ef+tx as N — oo in the

L? metric where the convergence is pointwise in time and
uniform on any time interval [0, 7.

III. NETWORK SYSTEMS AND THEIR LIMIT SYSTEMS
A. Scaled Network Systems with Node Averaging Dynamics

Consider an interlinked network SV of linear (symmetric)
dynamical subsystems {S7;1 < i < N}, each with an n
dimensional state space. The subsystem S at the node V; in
the network Gy (V, E) has interactions with S,1 < j < N,
specified as below:

) 1 X ) 1 XN )
Ty =N ZAijxg + N ZB”‘U{,
j=1 j=1
zy,u; € R",ie{l,..,N},
with Ay = [4;;], Bn = [B;j] € RV X"V the (symmetric)
block-wise adjacency matrices of G (V, E') and of the input

graph, where A;; = [0] if S}V has no connection to S} and
similarity for B;;. Then the (symmetric) linear dynamics for

SN

7
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the network system S™(Ay, By,Gx) can be represented
by

iy = An o x4 + By oy,

SN
Tt, Ut € RnN7 AN7BN € RannNa

(10)
where o denotes the so called averaging operator given by
Ayor = rjAne. Let S = x9_, SN where SN =
Uax,Brn.GxSY (AN, Bn,Gy). For simplicity, we require
the elements of Ay and By to be in [—1,1] for each N
(note that in general Ay and By have elements that are
bounded real numbers for which case we would achieve
similar results). In addition, we note that if we take the
supremum norm on vectors in R™V, i.e. ||z = sup; |z,
and the corresponding o operator norm of A, i.e. ||Allop =
IlAozlioe “then || All,p < 1.

[EI[

SUP||z[| oo #0

B. Network Systems with Node Averaging Dynamics De-
scribed by Step Functions in the Graphon Space

Let {(An; BN)}¥_; € S be a sequence of systems with
the node averaging dynamics each of which is described
according to (10). Let |An;;| < 1 and |Bysj| < 1 for
all 3,5 € {1,...,nN}. Let AN BN ¢ G be the step
functions corresponding one-to-one to Ay and By; these
are specified using the uniform partition P™V of [0,1] by
the following matrix to step function mapping Mg: for all

ije{1,2,...nN},
ANz, y) == Anij, (11)

]

V(x,y) S Pz X Pj,

and similar for B[SN

Define a piece-wise constant function on R to be any func-
tion of the form 22:1 oy, where aq, ..., oy are complex
numbers and each I is a bounded interval (open, closed,
or half-open). Let Lf,wc[(), 1] denote the space of piece-wise
constant L2[0, 1] functions under the uniform partition P".

Let ui € L2,.[0,1] correspond one-to-one to u; € R™Y
via the following vector to step function mapping also
denoted by M¢: for all 4 € {1,...,nN},

ui (@) :==u(i), Va € PR, (12)

eL?

S
and Xt pwe

RN,

Lemma 1 ([11]). The trajectories of the system in (10) corre-
spond one-to-one under the mapping Mq to the trajectories
of the system

= ANx; + BN
20el0,1], AN BIN € G3P Gy

[0, 1] similarly correspond one-to-one to x; €

x5 ug,

t t (13)
Xg,u; € L
with graphon operations defined according to (5).

C. Limits of Sequences of Network Systems

Now the sequence of network systems with the node
averaging dynamics can be described by the sequence of step
function operators as {(ALN];BLN])}JOVO:l. Let the graphon
sequences {ALN]} and {BLN]} be Cauchy sequences of step
functions in L?[0,1]? (under the same measure preserving
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transformation). Due to the completeness of L2[0,1]?, the
respective graphon limits A and B exist and these will then
necessarily be the limits in the cut metric (see [16]).

Fig. 3. A Weighted Graph from a Sequence Converging to the Limit
Graphon W (z,y) = 1 — max(z,y),0 < z,y < 1 with z,y measured
from the top left

IV. THE LIMIT GRAPHON SYSTEM AND ITS PROPERTIES
A. Infinite Dimensional Graphon Systems

We follow [19] and specialize the Hilbert space of states
H and the Hilbert space of controls U appearing there to the
space L?(R; L?[0,1]). We formulate an infinite dimensional
linear system as follows:

LS : ).(t :Axt—i—Buh

xo € L?[0,1], (14)

where A € GI?, B € 9}41, and hence bounded operators
on L2[0,1], x¢ € L?[0,1] is the system state at time ¢ and
u; € L?[0,1] is the control input at time t.

B. Uniqueness of the Solution

A solution x(.y € L*(R; L?[0,1]) is a (mild) solution of
(14) if x¢ = e(t*“)Axa—l—fOt e(t=)ABu.ds for all @ and ¢ in
R such that a < t (see [19]). Following [19] the assumptions
on the operators A and B are

(i) A generates a strongly continuous
(H1) semigroup e** on L2[0, 1],
(i) B e L£(L?[0,1]; L?[0,1]),

where the Hilbert space U(control space) in the present case
is L2[0,1]. Under assumption (H1), the system (14) has a
unique solution x € C([0,T]; L?[0, 1]) for any x¢ € L?[0, 1]
and any u € L2([0, T); L?[0, 1]).

Theorem 4 ([11]). The graphon system LS*° in Eq. (14)
has a unique solution x € C([0,7T7]; L?[0,1]) for any xo €
L?[0,1] and any u € L3([0,T}]; L?[0, 1]).

C. Controllability

A system (A;B) is exactly controllable on [0,T)] if for
any initial state xo € L2[0,1] and any target state x; €
L?[0,1], there exists a control u € L?(0,7;U) driving the
system from x¢ to Xy, i.e. X7 = xy with xp = eAlxo +
fOT AT Bu,dt.

A system (A;B) is approximately controllable on [0,T)
if for any initial state xo € LZ2[0,1], any target state
xy € L?0,1] and any ¢ > 0, there exists a control u €
L?(0,T;U) driving the system from xq to points in the state
space within a e-distance from xy, i.e. ||xp —xy|2 <e.
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The controllability Gramian operator Wy : L2[0,1] —
L2[0,1] is defined as

t
W, = / AU=IBBT A (=945 ¢ 0.
0

A necessary and sufficient condition for exact controllability
on [0, is the uniform positive definiteness of W:

(Wrh, h) > er|hl®

for all h € L?[0,1], where ¢y > 0 and || - || is the L?[0,1]
norm (see [19], [21]). The positive definiteness of the con-
trollability Gramian operator W as a kernel is equivalent to

the approximate controllability of the corresponding system
(see [19], [21]).

Theorem 5 ([22]). Let A be a graphon in Gi¥ and let B
be a bounded linear L?[0, 1] operator. Then (A;B) exactly
controllable implies B is a non-compact operator.

Proposition 1 ([22]). Let A be a graphon in Gi¥ and let B
be a bounded linear L?[0, 1] operator such that all eigenval-
ues of BB are lower bounded by a positive constant ¢ > 0.
Then W is uniformly positive definite and hence the linear
system (A;B) is exactly controllable.

V. LINEAR QUADRATIC REGULATION (LQR) OF
INFINITE DIMENSIONAL NETWORK SYSTEMS

A. The LOR Problem

Let || - || and (-,-) denote the norm and the inner product
in L2[0,1]. For finitt T > 0, consider the problem of
minimizing the cost given by

T

J(u) = / [1Cx- 1 + [lur|*] dr + (Poxz, x7)  (15)

0
over all controls u € L?(0,T; L?(0, 1)) subject to the system
model constrains in (14). The assumptions for C and Py, are:

(ii) Po € L£(L?[0,1]) is hermitian and

non-negative,

C e L£(L?[0,1];Y)

(H2)
(iv)

where Y is the Hilbert space of observations, which in the
current case is L2[0, 1].

Finding the feedback control via dynamic programming
consists of the two following steps:

Step 1. Solve the Riccati equation

P=A"P+PA-PBB'P+CTC, P(0)=P; (16)

Step 2. Given the solution P to the Riccati equation, it
can be proved that the optimal control u* is given by

uj = -BTP(T - t)x;, te[0,T] (17)

and moreover that x* is the solution of the closed loop
equation
%x; = Ax; — BBTP(T — t)xy,

18
t € [0,T),x0 € L?[0,1]. (1%
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B. Existence and Uniqueness of Solutions to LQR Problems

Applying the results in [19] and specializing the Hilbert
space there to be L2[0, 1] space, we can show that, under the
assumption (H1) and (H2), the existence and uniqueness of
the solution to the Riccati equation (16) and the existence
and uniqueness of optimal solution pair (u*,x*) in (17) and
(18).

VI. GRAPHON-NETWORK REGULATION OF
LARGE-SCALE NETWORKS

A. Graphon-Network Regulation Strategy

In this work, the basic assumption in the formulation of
LQR problems for linear systems distributed on complex
networks is that the regulation problem for the infinite dimen-
sional graphon limit systems can be solved (e.g. by estab-
lished approximation methods) while the finite dimensional
LQR problems for the original complex network systems are
intractable due to their cardinality.

The proposed control strategy consists of following steps:

1) Consider the control problem of regulating the states of
each member of {(Ax; By)}%_; € S. Let {(A[N B[N]) €
G x GIP}%_, be the sequence of step function systems
equivalent to {(An; Bn)}%%_; € S under the mapping M¢
and assume that it converges to the graphon system (A;B) €
G3P x G in the L? metric.

2) Define the linear quadratic cost for (A;B) as

T
J(u) :/ 11Cx |2 + [[us|2ldr+ < Poxer, xz >
0

and define the linear quadratic cost for (A[SN];BLN]) as

N
NP+ ufMP1de+ < PR xp >

J@™N) = / [ CINlx !

where it is assumed that C{Y' — C and ng] — P in the
strong operator sense. Solve the infinite dimensional Riccati
equation for (A;B) to generate the solution P.

3) Approximate u; = —BTP (T —t)x; for (A;B) to gen-
erate ulN! for the finite system (ALN];BLN]); Alternatively
approximate P to generate Py and hence the control law

u™ = BB (1 — )x™ for (AN, BIV),

B. Control Law Approximations

There are two ways to generate the control law for finite
dimensional systems:

(1) Approximate u for (A;B) to generate ul™ for the
finite system (ALN]; B[SN] ).

(2) By approximating the Riccati equation solution P for
(A;B) we can generate Py that provides the control law
for finite dimensional network system.

ul¥ = BN B (1 — )xN,

C. Small-to-large Approximate Control via Control Input
Approximation

Part (1) of control law approximations is proposed and
discussed in details in [11]. In the following subsection we
add the important results on applying a smaller dimensional
control to a larger dimensional system along the convergent
sequence of systems S.

Theorem 6 ([22]). Consider two system (A[SN] ;T) and
(ALM] ;I) (M > N) in a sequence of systems converging to
the graphon limit system (A;I) where I denotes the identity
input operator. Denote control law generated via approximate
graphon control for (ALN]; I) by u™) and that for (ALM]; I)
by ul™!. If the initial state for the two systems are of zero
L2 distance, then

e (™M) — 3 (N
T
< JARs [T O -
’ (19)
Furthermore, as N — oo and M — oo,
M M
2 (@) — 2 (@™, — 0.
Theorem 7 ([22]). Consider two system (ALN];BLN]) and

(A[SM];BLM]) (M > N) in a sequence of systems con-
verging to the graphon limit system (A;B). Denote the
control law generated via approximate fraphon control for
(A[N],B[N]) by ul™ and that for A[M ) by ul™. If
the initial state for the two systems are 0f zero L2 distance,
then

™ (™) —
T

] o

<[AM [0 B —

Furthermore, as N — oo and M — oo,

e (u™) — s (™)

i (™|

(20)
)ll2dt

2 — 0.

Theorems 6 and 7 imply that the graphon control law
generated for a smaller dimensional system can be applied to
systems with larger dimensions along a converging sequence
of networks. This makes it possible to approximately control
extremely large-scale networks via a smaller dimensional
control.

D. Approximation of the Solution of the Riccati Equation
and Its Convergence Properties

In this subsection, we will discuss part (2) of control law
approximations.
1) Basic Notations: Let

Y (L?[0,1])) = {T € £(L?[0,1])) : T is hermition}
and
»H(L?0,1))
={T € X(L*0,1]) : (Tx,x) > 0,Vz € L*[0,1]}.
Denote the topological space of all strongly continuous map-

pings F' : I — ¥(L?[0, 1]) endowed with strong convergence
(see [19]) by C(1;3(L2[0,1])).
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2) Approximation of the Solution of the Riccati Equation:
We need to extend the step function approximation to step
function approximation with integration against measures.

First, we construct the equivalent representation of the
linear operator P in C([0,77; X% (L?[0,1])) by integration
against measures. Second, we construct a method to approxi-
mate operator P by integration with respect to measures over
partitions. Then we prove that the step function approxima-
tion against measures converges in the strong convergence
sense. The step function approximation against measures of
P is done by integration against measures as follows:

Is, «s, Pz, y)do(z,y)
M(Sz) x 1(S5)

2
where S;, S; C [0, 1], 11(.S;) represents the size of the interval
S; and o(z,y) represents the measure (which can be a
singular measure, a Lebesgue measure or a mixed measure).
Since Pnz is the step function approximation of Pz

in L2[0,1] under the interpretation of integration against
measures, for any = € L2[0, 1],

lim [|[Pnz — Pzl = 0.
N—o0

PN(zvy)

NV(z,y) € S x S5,

3) The Approximation of the Riccati Solution and lIts
Convergence to the Optimal Riccati Solution:

Lemma 2 ([22]). Let Pn be generated by stepping from P

via N x N uniform partition of [0, 1]2. Then
lim Px =P, in Cy([0,T]; 2(L%0,1])).
N—o00

Theorem 8 ([22]). Let f’N be generated by step function
approximation against measures from P via N x N uniform
partition of [0,1]2. For any x € L?[0,1], for any ¢ € [0, T,

lim ||Px(t)z — PN(#)z|, =0,
N— o0

where PLN] is the solution of Riccati equation of
(A[SN];B[ ]) that converges strongly to the solution P.

4) Conver: %{ence of the States and Convergence of the
Cost: Let Pg ' denote the solution of the Riccati equation
for (A LN], B[SN}) that converges strongly to the solution P
of the Riccati equation for (A;B). Let Py be the step
function approximation against measures for P generated via
the N x N uniform partition of [0, 1]2.

Theorem 9 ([22]). Consider the time horizon [[O, T]. Let the
optimal linear quadratic control law for (ASN];BLN]) be
generated by

u* = —BN"PN(T - )%,
where the optimal state trajectory is given bRr and let
the graphon approximate control law for ( NI, B[N ) be

Y = —BN By (7 - )Y,

where the corresponding state trajectory is given by x[NI.

Then

vt € 10,77, Nlim [N * —Xt ||2 =0,
—00
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and

) — J™N)| = 0.

5) The Small-to-large Approximate Control via Riccati
Equation Solution Approximation: We consider the appli-
cation of a small dimensional regulation law to larger di-
mensional systems alon the conver%ent sequence. Consider
two system (A[N] BN ) and A[M B[M (M > N)ina
sequence of systems converglng to the % ]phon limit system
(A;B). Let the respective operators Cg ° and c™M in the
LQ cost as (15) lie in a sequence of operators converging
strongly to C. Similarly, let the respective PLO] and P[M] i
the LQ cost as (15) lie in a sequence of operators converging
strongly to Pgo. Let P[ denote the solution of Riccati
equation for (A[ I B[M]) with LQ cost defined by cM
and PEXI] as in (15). Let Py be generated by step function
approximation against measures from P via N x N uniform
partition of [0, 1]2.

Theorem 10 ([22]). For any x € L?[0, 1], for any ¢ € [0, 7],

lim |J(u®

N—oc0

i P _pM] —
Jim [Pr(t)r — PM(0]; = 0,
Theorem 11 ([22]). Consider the time horizon {O,T]. Let
the optimal linear quadratic control law for (ASM];BLM])
be generated by
u* = —BMPM(T ),
where the optimal state trajectory is given by x*, and let

the small-to-large control law for (A[SM] ; B[M]) be generated

by
u‘[ZM,N] — —BLM]TIBN (T — t)XLM’N]

)

where the corresponding state trajectory is given by x[M-NI,
Then

vte[0,T], lim [xM* —xMN)|, =0,
N,M— o0
and
lim  |J(uM*) — J(u™N))| = 0.
N,M—oc0

VII. SIMULATION EXAMPLES

Consider a network system evolving according to the node
averaging dynamics with weighted graph Gy describing the
dynamic interactions. Suppose each node has an independent
input channel. Denote the system by (Ay; Iy), where Ay
is the adjacency matrix of G and Iy is the identity input
mapping. The network system (Apy;Iy) with (normalized)
node dynamics is therefore described by

N o
il = N;waﬁug, zhul € Ryie{l,..,N}. (22)
The regulation objective is to regulate the network states
around origin from random initial states with minimum linear
quadratic cost.

As an example, we consider a sequence of networks
converging to the graphon limit U(z, y) = cos(w(x —y)) for
all z,y € [0, 1] as in figure (h) and solve the LQR problem



MTNS 2018, July 16-20, 2018
HKUST, Hong Kong

over the time horizon [0, T for the network sequence. (See
[11] for detailed description of the generation of a convergent
network sequence).

Naturally, in the application of the grapoh-LQR method-
ology, a finite complex network G is not generated via a
hidden graphon. A plausible empirical approach to model the
required infinite limit graphon G, is to fit two dimensional
Fourier series to the step function representation of the
adjacency matrix. Such parametric modelling of empirical
data could resemble parametric estimation in statistics and
system identification. These topics are the subjects of current
research [22].

A. Graphon-LQOR Example
In this simulation, as shown in Figure 4, a network of

State under Optimal LQR

State under Graphon Approximated Control

200

$ 100

b
08 4 0 node

time (s)

(b) State Evolution under Opti-
mal LQR

time (s)

(a) State Evolution under

Graphon Control

Control Signal under Graphon Approximated Control Control Signal under Optimal LQR

value
value

200 200

100

05 170 node 0° 10 node
time (s)

time (s)
(c) Control Input of Graphon (d) Control Input of Optimal
Control

LQR

Trajectory Difference Control Signal Difference

[0,1] and the parameters used in the LQ cost are Q =
CTC = I60 and Py = 1001;¢0. The control law is generated
by approximating the Riccati equation solution as in (21).
Both the graphon-LQR control and the LQR optimal control
regulate the system from the same random initial states to
the origin as shown in figures (a) and (b). From figures
(e) and (f), we see that the graphon-LQR control achieves
remarkably similar performance to the LQR optimal control.
The maximum trajectory difference from the optimal control
is less than 2% of the maximum initial states.

B. Small-to-large Approximate Regulation Example

In this simulation, we apply the regulation law generated
for a smaller dimensional system to a larger dimensional sys-
tem along the converging sequence. The smaller dimensional

State under Small-to-Large Approximated Control

State under Optimal LQR
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400

02 e
04 g

1 node 1 node

time (s)

time (s)

(a) State Evolution under (b) State Evolution under Opti-
Small-to-large Approximate mal LQR
Control

Control Signal under Optimal LQR

Control Signal under Small-to-Large Approximated Control

time (s) time (s)

s %,
time (s)

(e) State Difference

(g) Network of 160 Nodes

os o
time (s)

(f) Control Signal Difference
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(c) Control Input of Small-to-
large Approximate Control

Trajectory Difference

(d) Control Input of Optimal
LQR

Control Signal Difference
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s o
time (s)

(f) Control Signal Difference

node
time (s)

(e) State Difference

11

(g) Network of 320 Nodes (h) Graphon Limit

Fig. 4. Simulation on a Network of 160 Nodes

size 160 along the sequence is considered. The system
is represented by (Aig0, [160) With Ajgo as the adjacency
matrix of the weighted network and I169 as the identity
input matrix of size 160. The simulation time horizon is

Fig. 5. Simulation on a Network of 320 Nodes

network is of size 80 and the larger dimensional network is
of size 320. The large dimensional system is represented
by (As20, I320) with Asgg as the adjacency matrix of the
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weighted network and I3 as the identity input matrix
of size 320. The simulation time horizon is [0,1] and the
parameters used in the LQ cost are Q = CTC = 1013y and
Py = 100I359. As the result in Figure 5 shows, the small-
to-large approximate control approximate well on the large
dimensional system. The trajectory difference depends on the
initial states of the large dimensional system. In this simu-
lation example, each 4 adjacent nodes (in labelling) receive
the same control input signal due to the approximation in the
Riccati equation solution. Therefore, differences in the initial
conditions of the adjacent 4 nodes give rise to a difference
in the terminal states. However the mean effect is subject to
the LQR control law.

VIII. CONCLUSION

We propose a methodology to approximately regulate
network systems using graphons. Important aspects which
require further investigation include: (1) the application of
the regulation strategy to asymmetric (i.e., directed) network
systems; (2) an equivalent theory to that in this paper
for sparse networks; (3) fitting 2D analytic models (e.g.
Fourier series, etc) to empirical data in order to provide
parameterized models for approximating limiting graphons.
Finally, this paper only deals with centralized control, while
the decentralized control of complex systems is formulated
within a graphon theoretic mean field games framework in
[23].

REFERENCES
[1] R. Olfati-Saber, “Flocking for multi-agent dynamic systems: Algo-
rithms and theory,” IEEE Transactions on automatic control, vol. 51,
no. 3, pp. 401-420, 2006.
N. J. Cowan, E. J. Chastain, D. A. Vilhena, J. S. Freudenberg, and
C. T. Bergstrom, “Nodal dynamics, not degree distributions, determine
the structural controllability of complex networks,” PLoS ONE, vol. 7,
no. 6, 06 2012.
Y.-Y. Liu, J.-J. Slotine, and A.-L. Barabasi, “Controllability of complex
networks,” Nature, vol. 473, no. 7346, pp. 167173, 2011.
A. Arenas, A. Diaz-Guilera, J. Kurths, Y. Moreno, and C. Zhou,
“Synchronization in complex networks,” Physics reports, vol. 469,
no. 3, pp. 93-153, 2008.
S. Boccaletti, V. Latora, Y. Moreno, M. Chavez, and D.-U. Hwang,
“Complex networks: Structure and dynamics,” Physics reports, vol.
424, no. 4, pp. 175-308, 2006.
M. E. Newman, “The structure and function of complex networks,”
SIAM review, vol. 45, no. 2, pp. 167-256, 2003.
G. Yan, G. Tsekenis, B. Barzel, J.-J. Slotine, Y.-Y. Liu, and A.-L.
Barabisi, “Spectrum of controlling and observing complex networks,”
Nature Physics, vol. 11, no. 9, pp. 779-786, 2015.
F. Pasqualetti, S. Zampieri, and F. Bullo, “Controllability metrics,
limitations and algorithms for complex networks,” IEEE Transactions
on Control of Network Systems, vol. 1, no. 1, pp. 40-52, March 2014.
K. You and L. Xie, “Network topology and communication data
rate for consensusability of discrete-time multi-agent systems,” IEEE
Transactions on Automatic Control, vol. 56, no. 10, pp. 2262-2275,
2011.
X. F. Wang and G. Chen, “Synchronization in scale-free dynamical
networks: robustness and fragility,” IEEE Transactions on Circuits and
Systems I: Fundamental Theory and Applications, vol. 49, no. 1, pp.
54-62, 2002.
S. Gao and P. E. Caines, “The control of arbitrary size networks of
linear systems via graphon limits: An initial investigation,” in 56th
IEEE Conference on Decision and Control, Melbourne, Australia, Dec.
2017, pp. 1052-1057.
L. Lovasz and B. Szegedy, “Limits of dense graph sequences,” Journal
of Combinatorial Theory, Series B, vol. 96, no. 6, pp. 933-957, 2006.

[2]

[3]

[4]

[5]

[6]
[7]

[8]

(10]

(11]

[12]

127

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

C. Borgs, J. Chayes, L. Lovdsz, V. T. Sés, B. Szegedy, and K. Veszter-
gombi, “Graph limits and parameter testing,” in Proceedings of the
thirty-eighth annual ACM symposium on Theory of computing. ACM,
2006, pp. 261-270.

C. Borgs, J. T. Chayes, L. Lovasz, V. T. Sos, and K. Vesztergombi,
“Convergent sequences of dense graphs i: Subgraph frequencies,
metric properties and testing,” Advances in Mathematics, vol. 219,
no. 6, pp. 1801-1851, 2008.

——, “Convergent sequences of dense graphs ii. multiway cuts and
statistical physics,” Annals of Mathematics, vol. 176, no. 1, pp. 151—
219, 2012.

L. Lovasz, Large networks and graph limits. American Mathematical
Soc., 2012, vol. 60.

C. Borgs, J. T. Chayes, H. Cohn, and Y. Zhao, “An LP theory of
sparse graph convergence I: limits, sparse random graph models, and
power law distributions,” arXiv preprint arXiv:1401.2906, 2014.

C. Borgs, J. Chayes, and L. Lovasz, “Moments of two-variable func-
tions and the uniqueness of graph limits,” Geometric And Functional
Analysis, vol. 19, no. 6, pp. 1597-1619, 2010.

A. Bensoussan, G. Da Prato, M. C. Delfour, and S. Mitter, Represen-
tation and control of infinite dimensional systems. Springer Science
& Business Media, 2007.

A. Pazy, Semigroups of linear operators and applications to partial
differential equations, ser. Applied Mathematical Sciences. = New
York: Springer, 1983.

R. F. Curtain and H. Zwart, An Introduction to Infinite-Dimensional
Linear Systems Theory. Springer Science & Business Media, 1995,
vol. 21.

S. Gao and P. E. Caines, “The regulation of arbitrary size networks of
linear systems via graphon limits,” Feb. 2018, Centre for Intelligent
Machines (CIM) and ECE Research Report.

P. E. Caines and M. Huang, “Graphon mean field games and the
gmfg equations,” Submitted to 57th IEEE Conference on Decision
and Control, Miami Beach, FL, USA, December 2018.



