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Matrix convexity and noncommutative Nevanlinna-Pick interpolation

Victor Vinnikov!

Recent years saw a remarkable emergence of several
general theories that are matrix or free noncommutative
analogues of well established classical theories in the com-
mutative setting. Since matrices are natural variables in many
if not most problems in system theory, it is not surprising
that these theories are often related to systems and control.

In the noncommutative (nc) setting we replace the say
complex euclidean space C? by the nc space, i.e., the disjoint
union of square matrices of all sizes, over it:

= nxn d
((Cd)nc = H (C x ) .
n=1
The basic operations are direct sums: if X =

(X1, Xa) € (€MLY = (Vi Yg) € (Cmm)

XoY=(X18Y,... X0, =

X1 0 Xd 0 n+mxn+m d
([ ) [o 2]) e

and left and right multiplication by matrices: if X =
(Xl, .o, Xq) € ((Cn><n>d’ T € Cm*n, § € Cnxm,

TXS = (TX,S,..., TX4S).

Aset Q C (Chye, Q= QN ((C"X”)d, is called matrix
convex if for all X',...,X* € Q, X; € Q,,, and all V; €
Cni*™ with Zle V*V; = I,,, we have that

k
> ViXiVi € Q.
i=1
Matrix convex sets were introduced in the remarkable paper
[4] that established for them the nc analogues of separation
theorems with linear inequalities replaced by linear matrix
inequalities. In particular, one can combine nc convexity with
nc polynomial and rational inequalities, leading to the subject
of nc convex algebraic geometry [8], [6], [7], motivated in
particular by the applications of semidefinite programming
to dimension independent problems in systems and control
[5], [9]. The nc setting is often more rigid than the familiar
commutative setting, allowing one to deduce surprisingly
strong result. E.g., every nc basic closed semialgebraic set
which is matrix convex is a nc spectrahedron, i.e., is given
by a linear matrix inequality.
There is also a nc function theory that goes back to
the pioneering work of Taylor on noncommutative spectral
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theory [11], [12], was further developed in [13], [14], and
given a systematic exposition in [10]. A set Q C (C%), is
called a nc set if it is closed under direct sums: X,Y € Q)
implies X ©Y € Q. A function f from a nc set Q C (C%),,
to Cye with f(£,,) € C™*" is called a nc function if

1) f respect direct sums: for all X,Y € Q, f(X®Y) =
FX) @ FY);

2) f respects similarities: for all n € N, X € (), and
S € GL,(C) such that SXS~! € Q,,, f(SXS~1) =
SF(X)S—1.

In this talk I will discuss the following result, which

provides a solution to the Nevanlinna—Pick interpolation
problem for nc functions on a matrix convex set:

Let Q C ((Cd)nc be an open matrix convex set, let A =
(A1,...,Aq) € Qg and let F € C***. There exists a nc
function f: Q — C,, such that f(A) = F and ||f(X)]| <1
for all X € Q if and only if:

1) F belongs to the algebra generated by Aq, ...
2) for all m € N and all S € GLg,,(C) such that

aAd;

S(A®I,)S™ " €Q,
we have ||S(F ® I,,)S™Y| < 1.

This result follows from a much more general interpolation
theorem of [3] (which generalizes previous results of [2] and
[1]) that applies to any set of the form {X € Z: ||Q(X)|| <
1} where @ is a nc function on a bifull nc set = C Vp
(for a possibly infinite dimensional complex vector space
V) with values in £(R,S) for some Hilbert spaces R
and S. In our case () is the Cayley transform of a (in
general infinite dimensional) linear matrix inequality defining
a matrix convex set.

REFERENCES

[1] J. Agler and J.E. McCarthy. Pick interpolation for free holomorphic
functions. Amer. J. Math. 137 no. 6 (2015), 1685-1701.

[2] J.A. Ball, G. Groenewald, and T. Malakorn. Conservative structured

noncommutative multidimensional linear systems. Oper. Theory Adv.

Appl. 161 (2006), 179-223.

J.A. Ball, G. Marx, and V. Vinnikov. Interpolation and transfer-

function realization for the noncommutative Schur-Agler class. Oper.

Th. Adv. Appl. (in press), preprint arXiv:1602.00762.

[4] E.G. Effros and S. Winkler. Matrix convexity: operator analogues of
the bipolar and Hahn-Banach theorems. J. Funct. Anal. 144 (1997),
117-152.

[5] J. W. Helton. Manipulating matrix inequalities automatically. In Math-
ematical systems theory in biology, communications, computation, and
finance (Notre Dame, IN, 2002), Volume 134 of IMA Vol. Math. Appl.,
pp 237-256, Springer, New York, 2003.

[6] J.W. Helton and S.A. McCullough. Every convex free basic semi-
algebraic set has an LMI representation. Ann. of Math. (2)
176(2):9791013, 2012.

[3

—



MTNS 2018, July 16-20, 2018
HKUST, Hong Kong

[7]

[8]

[10]

(1]
[12]

[13]

[14]

J. W. Helton, I. Klep, and S. McCullough. Free Convex Algebraic
Geometry. Semidefinite Optimization and Convex Algebraic Geometry
(ed. by G. Blekherman, P. Parrilo, and R. Thomas), pp. 341405,
SIAM, 2013.

J. W. Helton and M. Putinar. Positive polynomials in scalar and matr ix
variables, the spectral theorem, and optimization. In Operator theory,
structured matrices, and dilations, 229-306, Theta Ser. Adv. Math. 7,
Theta, Bucharest, 2007.

J. W. Helton, S. A. McCullough, M. Putinar, and V. Vinnikov. Convex
Matrix Inequalities versus Linear Matrix Inequalities, IEEE Trans. Aut.
Control, 54: 952-964, 2009.

D. S. Kalyuzhnyi-Verbovetzkii and V. Vinnikov. Foundations of free
noncommutative function theory. Math. Surveys and Monographs 199,
Amer. Math. Society 2014.

J. L. Taylor. A general framework for a multi-operator functional
calculus. Advances in Math., 9:183-252, 1972.

J. L. Taylor. Functions of several noncommuting variables. Bull. Amer.
Math. Soc., 79:1-34, 1973.

D.-V. Voiculescu, Free Analysis Questions I: Duality Transform for
the Coalgebra of Ox.p, International Math. Res. Notices 16(2004),
793-822.

D.-V. Voiculescu. Free analysis questions II: The Grassmannian com-
pletion and the series expansion at the origin, J. Reine Angew. Math.
645 (2010), 155-236.



