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Asymptotically Stabilizing Controller Generating Sparse Input
for Nonlinear Systems*
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Abstract—1In this report, we propose an asymptotically sta-
bilizing controller using a control Lyapunov function (cIf). The
proposed controller generates a sparse input vector, when no
input constraint is active, for energy savings. For the cases
with no input constraint, the control law can be described
explicitly in a variant of Sontag-type controller. When some
input constraints are subjected to the system, the control input
can be obtained by solving an LP problem. The controller
makes the time derivative of the clf negative, if possible.
Otherwise, an input minimizing the time derivative of the clf is
chosen, where all inputs are saturated. We have also proposed
a chattering-suppression mechanism. The effectiveness of the
proposed method is confirmed by computer simulations.

I. INTRODUCTION

A vector whose most elements are zero is called ‘sparse.’
A sparse input vector implies that most actuators are not
working, and these actuators can be deactivated. Deacti-
vated actuators consume no standby power, and therefore
the sparse input is effective for energy savings. Examples
of the actuator deactivation are the cylinder deactivation
system of automobile engines, and the on-off control of
multiple pumps in chemical plants. Sparse property of input
vector is useful in redundant-input systems. A redundant-
input system includes multiple actuators having same effect
to the system. Some of redundant actuators do not have to
work always, and the sparse property of the input is preferred
in redundant-input systems. For example, consider a system
with two actuators, where one has a good energy efficiency,
but its maximum power is limited, and the other is more
powerful but it wastes more energy. Around the origin, the
second actuator can be shutdown, while when large power is
required, both the actuators should work. Sparse input is also
preferred in systems with emergency actuators. For example,
yaw-rate control systems of automobiles use several kinds
of actuators — drive-torque split mechanism, breaking force
vectoring, active aero vectoring, active camber-angle control,
steering angle control, etc. However, nonzero camber-angle
increases the side-slip angle of the vehicle, and an override
of the steering angle harms drivers’ feeling. Hence, some of
these actuators are emergency, and should be deactivated in
usual situations.

Control using sparse input is often called ‘maximum
hands-off control’ [1], [2], [3], [4], where a weighted one-
norm or a CLOT (combined L-one and two) norm is adopted
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for the input-cost term in optimal control or model predictive
control. However, in nonlinear system cases, optimal con-
trol scheme requires a solution of Hamilton-Jacobi partial
differential equation, and nonlinear model predictive control
must solve nonlinear programming online. On the other hand,
control allocation techniques for redundant-input systems
often use one-norm cost function, which may generate sparse
input [5], [6], [7], [8]. In usual control allocations, when a
desired value of the time derivative of the state has already
designed, the redundant inputs are determined by solving an
optimization problem. The computational complexity of the
control allocation for input-affine nonlinear systems is same
as one for linear system cases. However, in many cases the
constraints for the time derivative of the state are restrictive.
Due to the restriction, a dense (non-sparse) input vector often
emerges as the result of the optimization.

In this study, an asymptotic stabilization controller, which
generates sparse input vectors, for nonlinear systems. We
adopt an intermediate approach between the maximum
hands-off control and the control allocation technique. We
assume that a control Lyapunov function (clf) is designed
a priori, instead of the desired time derivative of the state
in control-allocation methods. The time derivative of the
state, which consists of multiple equations, is replaced by
a constraint on the decreasing rate of the clf, which can be
expressed by one inequality. The obtained control is given as
a solution of a linear programming (LP) problem, which can
be calculated efficiently online. If there is no input constraint,
the control law is described explicitly as a variant of Sontag-
type controller. When all the inputs are saturated, the the
upper bound of the decreasing rate of the clf is weaken
by multiplying a coefficient ¥ (< 1). Hence, the decision
variables of the LP are the input variables and y. We also
obtain a condition on the penalty term for decreasing the
value y. Moreover, we propose a mechanism to suppress the
chattering phenomenon, which is caused by the discontinuity
of the optimized solution with respect to the state.

This report is organized as follows. The properties of the
one-norm optimization problem are described in Section II.
In Section III, the problem setting is stated, the Sontag-
type control laws for the cases without input constraint,
which generate sparse inputs, are proposed, and it is shown
that the control laws can be expressed by LP problems.
Section IV shows the controller under input constraints. A
chattering-suppression mechanism is proposed in Section V.
Simulation results for an example are given in Section VI to
show the effectiveness of the proposed method. Section VII
summarizes the obtained results.
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II. ONE-NORM OPTIMIZATION

To obtain sparse solutions of an optimization problem, a
weighted one-norm is often used as an evaluated function
to be minimized. For example, consider an optimization
problem finding u = (uy,...,u,)" (€ R™) that minimizes

J1(u) = kot |+ Ko | = ([ am]) T

under a constraint fu+a < 0, where k = (1~<1,...,l~<m), k>
0,...,ky >0, 0= ({y,...,4y,), and a € R. This problem can
be converted into a linear programming (LP) problem by
using slack variables u,ps; with additional constraints

(i=1,...,m). (1)
One of the optimal solution can be obtained as

HZT\ diag(k)"'bs()"  (a>0 and £ #0)

u < Uabs,is,  —Uj < Uabs,i

(a<0) @)
(a>0and ¢=0),
where diag(-) generates a diagonal matrix,

0= tdiag(k)™" = (¢, /ky,. .. L/ km)
(sgn(@)I4 17, sgn(ln) | lm]”)

u = 0

no solution

by(f) = Jim_ AT ESEaT AT
1 (¢>0)
sgn(g) =40 (¢=0)
-1 (p<0),
and ||- || denotes the infinity norm, i.e. ||(¢1,...,0n)|lw =

max;|¢;|. If i* = argmax;|/;| is determined uniquely, then

by(?) = (0,...,0,sgn(Z),0,...,0). Note that
Uos(D)" = [|2]|, 3)

and therefore (2) satisfies the constraint fu +a < 0 when
a>0 and ¢ # 0. If a solution exists uniquely and a > 0,
then the optimal solution has one nonzero element, and the
other elements are zero. Therefore, the result of the one-
norm optimization problem has sparse property. When most
elements of a vector or a matrix are zero, the vector (or the
matrix) is called ‘sparse.’

When i* = argmax;|/;| is fixed, the optimal solution is not
affected by changes of the values of k, because 1 / ki that is
included in diag(k)~' of (2) is canceled by the denominator
|10]|eo = £ /ki+. Therefore, when £; #0 (i = 1,...,m), the
solution for

ki = ki(1 —exp(—|4i| /ki)) (ki > 0) 4)
coincides with that for k; = k;, because
0= (sgn(00)s(|il /ki), ., sgn(€r)s(|Cnl /Km))
holds for (4), and
argmax|/;| = argmaxs(|¢;|/k;) = argmax|(;|/k;,
i i i

where

_ p
W e

is an increasing function.

&)
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III. SONTAG-TYPE CONTROL LAW GENERATING SPARSE
INPUT

A. Controlled system and clf

We consider a nonlinear system

x=f(x)+g@u=fx)+g1@ur+--+gn(x)tm, (6)

where x € R" denotes the state and u = (uy,...,u,) €R"
is the input vector. We assume that f(x) and g (x),...,8gm(x)
are smooth vector fields, and f(0) =0.

Each element of u represents the effect of a real actuator,
and the sparse property of u causes deactivation of some
actuators. The inactive actuator does not consume standby
power, and therefore the sparse input contributes energy
efficiency. Our aim is the asymptotical stabilization of the
system (6) with some input constraints by a sparse input.
In this section, we consider the stabilizing problem without
input restrictions, and in the next section we extend it for
cases with input constraints.

We suppose that there exists a smooth control Lyapunov
function (cIf) V(x) [9], [10] for the system (6), i.e.

V(0)=0, V(x)>0(x#0)

{xeR"|V(x) <a} is compact for all a >0 (7

LV (x) <0 for x such that L,V (x) =0, x #0,
where L;V and L,V = (L,,V,...,Lg, V) are Lie derivatives
of V along f and g, respectively. Moreover, we make the
following assumption, which is a sufficient condition of the

small control property (scp) of V(x) for (6).
Assumption 1: The quadratic approximation of V(x)

1 2’V
Vi (x) = ExTPx, P= W(O)

is a clf of the linearly approximated system of (6)

A= %(O), B =g(0).

B. Variant of Sontag-type controller

X =Ax+Bu,

For the asymptotic stabilization with a sparse input, we
can establish the following theorem.

Theorem 1: The system (6) is globally asymptotically
stabilized by the following control law:

u= ay(x) = —B(x)Kivbs(LeV - Kiv) ®)
which is a variant of Sontag-type controller, where
Ky = dlag(l/kl IERES l/km)
k>0(i=1,....m), p>0

LV + VLV pILY Kol ) g
1LV - Kiylo- *

0 (LyV =0).

Bx) =

Proof: Under the control law (8), we obtain
V =LV (x)+ LV (x)as(x) = —W,(x) <0 (x#0)
W) = \JLV2+p LV Kl
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because of (3). Hence, the closed-loop system is globally

asymptotically stable. [ ]
The Sontag-type control law (8) has a sparse property

because most elements of by( ) are zero. As with the normal

Sontag’s universal formula, when the denominator in the

control law tends to zero, the input does not go to infinity.
Theorem 2: The control law (8) is locally bounded.

Proof: A function

0

o(p,a) =% p+/P>+4
q

(g=0and p <0)

(elsewhere)

is real analytic on S = {(p,q) € R> | ¢ >0 or p < 0} [9].
Since (7) holds, the point (p,q) = (LfV(x),\/P||LsV (x) -
Kiy||2) (x #0) is in the interior of S. Hence,

B(x) = VPIILeV (x) - Kivll® (LyV (x),V/PIILgV (x) - Kiv]12)

is locally bounded around any x # 0. To check the case
around the origin, we set x = rxg (xo # 0, r > 0). The value
of B(x) around the origin is evaluated as

lim 8 (x) = lim /p||rx] PBKiy + O(r?)|
x—0 r—0
-¢((r*/2)x§ (PA+ATP)xg + O(r*),
/P llxg PBKy||% + O(r))
= lim rv/P|lxg PBKiy + O(r) ||
r—

“9(xg (PA+ATP)xo/2+0(r), /pllxg PBKiy |12 + O(r))

Because Assumption 1 holds, ¢(x)(PA+ A"P)xo/2,\/p
[|xJ PBKiy||%) is bounded. Therefore, we can conclude that
B(x) = 0 (x — 0). Consequently, the local boundedness of
0 (x) is shown. [ |

C. LP formulation of the controller

In this subsection, we reveal that the sparse-input con-
troller (8) can be expressed by the solution of an LP problem.

By comparing (2) and (8), we can see that (2) and (8)
are equivalent to each other by setting k = k = (ki,...,kn),
¢ =L,V (x), and a = L;V(x) + Ws(x). Note that LV (x)+
Ws(x) >0 holds, and LV (x) +W;(x) =0 implies LgV (x) = 0.
Therefore, the controller (8) solves the one-norm optimiza-
tion problem

Jg(u):k1|u1|+---+km|um|—>min 9
with a constraints
V =LV (x)+ LV (x)u < —Wy(x). (10)

Remark: The usual Sontag controller

LV VLV (LVLVT)
L,VLVT

LT

coincides with the optimal solution of a quadratic pro-
gramming problem u'u — min under the constraints V =
LV (x)+ LV (x)u < —/LiVZ+ (LVLVT)2. O

Since LyV (x) 4+ Ws(x) <0 means L,V (x) = 0, the control
input of the Sontag-type controller becomes zero only on a
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zero-measure set. Around the set {x | L,V (x) =0} the input
has little influence on V, and therefore it is effective in energy
savings to deactivate all actuators around the set. Recall that
the sparse property of the input is preferred by the same
reason. To make u zero in a neighborhood of each point in
{x| LgV(x) =0,x # 0}, we relax the constraint (10) as

V =LV (x)+LV(x)u<—W(x), (11)

where W (x) = nW;(x) (0 <n <1).

The solution of (9) with the constraints (11) provides
an asymptotically stabilizing control, which has a sparse
property, when there is no input restriction. The proposed
controller can be expressed in an explicit form as

u= 0oy ()C) = *ﬁn (X)KivbA‘(LgV ’Kiv)

B = LV VLV EPILY - KiflZ) (12
! LV Kol )
where
_ptlel _Jp (p>0)
Ep)=——F—= {0 (r <0).

IV. CONTROLLER GENERATING SPARSE INPUT UNDER
INPUT CONSTRAINTS

A. Controller under Input Constraints

In this section, we consider input constraints

ﬁi—guigﬁi+ (121,71’)’1) (13)
where i;_ (< 0) (i=1,...,m) denote lower bounds and i#;, (>
0) (i=1,...,m) are upper bounds of the inputs. We define

a constraint set of u as
U={(ut,...;un) |- <w;<iiy (i=1,...,m)}.

Since the clf V(x) is designed without the consideration on
the input restriction, our purpose in this section is not global
stabilization. The stabilizable region D (€ R") is definied as

D={xeR"|V(x)<ap}

ap = inf V(x)
x€Dyg

5 _ Al Sol
Dy {xER ‘2161(1} (LfV (x) 4+ LgV (x)u) _0}

Our purpose is the asymptotic stabilization in D where
the control input is sparse near the origin. Moreover, the
controller should minimize V even when x € Dy.

The optimization problem of (9) with (11) and (13) may
have no solution for some x € D, because (11) requires V <
—W (x). Hence, we consider an optimization problem with
a relaxed constraint V < —yW (x) (y < 1). The value of y
is determined by the optimization problem, and the cost for
(1 —7) is added to the cost function. Therefore, the control
input is obtained by solving the following problem, which
can be written in an LP by adding slack variables as (1).

Problem 1: Suppose that x € R" is fixed, and k; >0 (i =
1,...,m) and a sufficiently large &(x) € R are given. Find

u=(uy,...,un)" €R™and yeR
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that minimize

k() |+ K ()| + E () (1 =), (14)

J3(u, y;x) =
subject to
V =LV (x)+Lg,V(x)us + -+ Ly, V(X)tyy
< —1W(x)
y<lI
gi- <u <y (i=1,...,m),

5)

(16)
7)

]}(x) _ ki{1 —exp(—\LgiV(x)|/k,~)} (Lg,-V(x) #0)
| i (Lg;V(x)=0)

W) = /L2 +plILV K[t (0<n <1, p>0).

Notice that the coefficients ki, ... ,k, are replaced by k (x)
like (4). As discussed in Section II, this modification has no
effect on the solution insofar as the solution satisfies y = 1.

B. Selection of &(x)

Because & (x)(1—7) is the penalty for an increase in the
upper bound of V, we suppose that & (x) is sufficiently large.
In this subsection, we provide a suitable selection of & (x).

If L,V (x) = 0 for some i, then the input u; does not appear
in the constraint (15), i.e. V is independent of u;, and the
optimal solution satisfies u; = 0. We define the set of indices
of non-trivial inputs as

1) = {i | L,V (x) #0}.
Theorem 3: Assume that
(x) > W(x)

holds for any x. For a specified x, if there exists an index
i* € I(x) such that the solution of Problem 1 satisfies

(18)

= <upr < U, (19)

then y =1 holds.
This theorem means that if ¥ < 1, all input elements u;
(i € I(x)) are saturated under (18).
Proof: By introducing some Lagrange multipliers, the
cost function (14) is extended as

Joxt = Zk (o) g + & (x) (1 =)
—#1{—LfV( )= LgV(x)u—yW(x)} — 2 (1—7)
IisT(|ﬁ1,s’gh(u1)|—|”l|a~--a|ﬁm7s’§1(um)|—|”m|)T
where
N B z4+99 (SZO)
sgn(s)—{“,, (s < 0),

and Uy, Uy, and Uz = (,LL3_’1,...,IU.3,,,,)T are Lagrange multi-
pliers for (15), (16), and (17), respectively. We obtain the

necessary conditions for the optimality
aJext

9u ~ Ml V(x) + (ki(x) + pz,;)sgn(u;) = 0, 20)
i=1,....m
OJex
ayt = &) + W (x) +p2 = @D
with Karush—Kuhn-Tucker conditions
— LV (x) = LgV(x)u—yW(x) >0
U >0 (22)
Hi{—LyV () — LV (2)u— W (x)} = 0
1—y>0
>0 (23)
p2(1=7)=0
i < <y
Uz; >0 (i=1,...,m), (24)
U3, l(| Ui sgn(u;) | - ILi,D =0
where
=1 (s>0)
sg(){ € [0,1] (s=0)
=-1 (s<0).

From (19) and (24), it is obvious that p3 ; = 0. Therefore,
from (20), we obtain
L,V
’.ul ~g, (x) <
ki (x)

which derives

];,'* (x) 1
M < =
LoV~ 5Ly VI k)
where s(-) is defined by (5). From (18), (21), and (25), the
value of u, is evaluated as

to =& (x) =W (x) = (6 (x) =W(x)) + (1 —u)W

From (23), the above inequality implies Y= 1, and the proof

is completed. n
Theorem 3 derives the following two corollaries.
Corollary 1: Under the solution of Problem 1 with (18),

<1, (25)

(x) >0.

V = max (min(LfV(X), —W(x)),
(26)
LyV(x)+ {‘réingV(X)u)

holds.

Proof: From Theorem 3, we can see that the inputs
u; (i € I(x)) are saturated, if ¥ < 1. Obviously, the solution
satisfies L,V (x)u; <0, and therefore if y < 1, then the opti-
mal input minimizes L,V (x)u, and V = —yW (x) > —W (x)
(x # 0) holds. When y = 1, the constraint (15) becomes
V < —W(x) < min,(LfV(x)+ LgV (x)u). When p; > 0, then
the constraint (15) is strict. On the other hand, if and only if
LV (x) < —W(x) holds, u =0 is optimal, u; becomes zero,
and V = L;V(x). From these results, we can conclude that
(26) holds. n
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Corollary 2: Under the optimal input of Problem 1 with
(18), the origin of the controlled system is asymptotically
stable, and the domain of attraction contains the set D.

Proof: From Corollary 1, it is obvious that V<0
(x € D, x # 0). Although the control input is discontinuous
with respect to x, from the smoothness of V(x), we can
see that V(x(¢)) is a decreasing function when x(0) € D.
Therefore, the closed-loop system is asymptotically stable
with a domain of attraction that includes D. |

V. SUPPRESSION OF CHATTERING

Since the control law proposed in the previous section
is discontinuous with respect to the state, chattering phe-
nomenon may occur. For example, in the case with two
inputs, if no input constraint is active, a switch of the active
input occurs on the curve |Lg, V(x)|/ki =|Lg,V (x)|/k>. If on
the curve

1 diL,v) 1 diLyV
ki dt u=(u10,0) " ka dt u=(u10,0)7
1 d|Ly, V| 1 d|Lg,V|

kl dt u:<07u20)T k2 dt ”:<07”20>T

urg = —(W(x) +LsV(x))/Lg, V(x)
u0 = —(W(x) +LsV(x))/Lg,V (x)

hold, a chattering phenomenon is caused, and the solution
slides on the curve.

A frequently switching input may increase energy con-
sumption, because the activation of an actuator often requires
extra power. In this paper, the sparse property has been intro-
duced for the purpose of energy savings, but the chattering
phenomenon ruins it. Hence, in this section, we propose a
mechanism to suppress the chattering, where the values of
ki,...,k, vary with respect to time.

Notice that k; is an increasing function with respect to
ki (> 0) for a fixed Ly V(x) # 0. When k; is large for an
index i, the penalty for the activation of the input u; is
also large. Therefore, making the values of k; for currently
inactive inputs large prevents the activation of these inputs.
Such a mechanism suppresses the switching of the input. The
mechanism is described as

Ok; if u;(r—0)=0 )
k(o) = { ChigetniF 11 =0) (i=1,...,m),
ki gefaule  Others
(27)
where k; defaute (i =1,...,m) are default values of ki,...,ky,

u;(t —0) is the input just before the current time, and ¢ >
1 is a constant. This mechanism can suppress the frequent
switching when the input constraints are not active.

Because the constraint set is not strictly convex, chattering
due to the constraint set may also occur. To prevent this kind
of chattering is our future work.

2 T T T T T T T T T
15 X1 1
e
» 1 1
Q
o)
.8 05+ b
@
>
3
o
n
Time [s]

Fig. 1. Responses of state variables for the sparse input controller without

chattering suppression.

VI. SIMULATION

In this section, we show simulation results for an example.
We consider a nonlinear system

X2 0 0
X = X3 + 11 Ofuwu,
—xp +0.1sinx; 1 1
where x = (x1,x,x3)" is the state and u = (u1,up)” is the
input. We assume that input constraints —3 <wu; <3, =3 <up
< 3 exist. For this system, a clf

| 1 1/2 3/4
Vie)==x" [1/2 1 1/2|«x
2 34 12 1

is considered here.

We construct two asymptotically stabilizing controllers for
the system. One is a controller generated by Problem 1 with
(18) for fixed k1 = ko = 1. Other parameters are chosen
as p =2, 1=0.8, and &(x) = 3W(x) +0.01. The other
is a controller generated by Problem 1 with (18) and the
chattering-suppression mechanism. The default values of k;
are ki default = k2 defauit = 1 and ¢ = 1.8. The parameters p,
7, and & (x) are same as the first controller.

Simulations for both the controllers are performed, where
the initial state is x(0) = (1,2,2)". As an LP solver, IBM
ILOG CPLEX 12.8 is adopted, which is called from a C++
program. Figures 1 and 2 show the simulation result for the
first controller. The time responses of the state variables are
plotted in Fig. 1, and the time responses of the input variables
and 7y are shown in Fig. 2. All state variables converge to
zero, and the input vector is sparse when the inputs are free
for the input constraints. However, in some time periods
the choice of the active input is frequently switched, i.e.
a chattering phenomenon occurs. Figures 3 and 4 show
the simulation result for the controller with the chattering-
suppression mechanism. Figure 3 shows the time responses
of the state variables, while the time responses of the input
variables and 7y are plotted in Fig. 4. All state variables
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Fig. 2. Responses of input variables and y for the sparse input controller
without chattering suppression.
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Fig. 3. Responses of state variables for the sparse input controller with
chattering suppression.

converge to zero as in the first-controller case. Input vector
is sparse when it is inside the input-constraint boundary.
The chattering phenomenon is removed by the chattering-
suppression mechanism.

As Theorem 3 claims, in both simulations, only for
the time period where all inputs are saturated, the value
of v is less than one, and the constraint V< —W(x) is
relaxed as V < —yW (x). Moreover, around the points where
Ly, V(x) = Lg,V(x) = 0, both inputs u; and u are zero,
because LyV (x) 4+ W (x) becomes LV (x)+n|LsV (x)| (< 0)
at the points such that L,V (x) = 0. This behavior often
contributes energy savings.

In these simulations, the switching of the active input
occurs even around the origin. The system is controllable
only by the input u,, and hence we can improve the proposed
method where only u; is active around the origin by changing
the definition of k;(x), but this issue is our future work.

VII. CONCLUSIONS

An asymptotically stabilizing controller using a control
Lyapunov function V(x) has been proposed. The proposed
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Fig. 4. Responses of input variables and y for the sparse input controller
with chattering suppression.

controller generates a sparse input vector when no input
constraint is active, and the sparse property is effective
for energy savings. For the cases with no input constraint,
the control law can be described in an explicit form, and
it is similar to Sontag-type controllers. When some input
constraints are subjected to the system, the control input
can be obtained by solving an LP problem, which can be
easily calculated online. The controller makes V negative,
if possible. When negative V is impossible owing to the
input constraints, an input minimizing V is chosen. We
have also proposed a chattering-suppression mechanism. The
effectiveness of the proposed method has been confirmed by
computer simulations. To develop a mechanism that changes
the input-selection behavior around the origin is our future
work.
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