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Abstract—In this paper we address the problem of extending the
well-known notion of column distance of one-dimensional (1D) convo-
lutional codes to the context of multidimensional (nD) convolutional
codes. In particular, we treat the 2D case and propose a new and more
general notion than the one previously introduced in this context. We
derive upper bounds on the distances that lead to the novel notion of
Maximum Separation Set Distance Profile 2D convolutional codes. This
notion naturally extends the notion of Maximum Distance Profile 1D
convolutional code. Characterizations in terms of the sliding parity-
check matrices are presented.

Index Terms— 2D convolutional codes, separation set distance, Max-
imum Separation Set Distance Profile.
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[. INTRODUCTION

Convolutional codes appeared as a generalization of linear codes.
The main assumption was that each codeword wasn’t treated
independently, but rather as part of a sequence, and that encoding
or decoding of one of them would affect the previous or next
ones. Hence the whole sequence was taken as the main object
of study, and each constant block was assigned the power of
an indeterminate corresponding to its position in the sequence.
Therefore, the sequences of vectors were represented by polynomial
vectors, and generator matrices were allowed to have polynomial
components instead of just constants. A convolutional code is then
defined as the submodule over the ring of polynomials in one
variable given by the image of one such polynomial generator
matrix. The natural question then arises of whether one could make
a similar generalization step by adding further variables.

Two-dimensional (2D) convolutional codes are the generalization
of classical convolutional codes by considering polynomial vectors
and matrices on 2 variables. In this sense, usual convolutional codes
are 1D convolutional codes. 2D convolutional codes have potential
applications in communications systems where data have a two
dimensional nature, such as images, videos, etc.

While 1D convolutional codes have been rather well-understood,
the literature about 2D convolutional codes is limited. Algebraic
aspects and fundamental issues were first presented in [?] and later
in [?] and [?]. C. Charoenlarpnopparut and N. K. Bose explored in
[?] the relation between the Grobner bases and nD convolutional
codes and in [?] the internal properties of their input-state-output
representations were investigated.

Interestingly, there has been little prior work on distances of 2D
convolutional codes, most of it on the notion of (free) distance
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[?] and [?]. The fundamental notion of column distance of 1D
convolutional codes, introduced in [?], was first extended to the
2D context in [?]. However, in that preliminary work the notion
of column distance was restricted to consider the particular sub-
set of codewords with non zero constant term, i.e. v(z1,22) =
2o g)en? i j24 2} with v(0,0) = vo,0 # 0. This was a technical
restriction in order to facilitate the analysis and to obtain simpler
extensions of the existing results in the 1D case.

Here we get rid of that assumption and introduce the notion of
column distance of 2D convolutional codes in a more natural way.
We present upper bounds on these distances and provide charac-
terizations in terms of the properties of the sliding parity-check
matrices of the code. These results allow to introduce the notion of
Maximum Separation Set Distance Profile 2D convolutional code
which can be considered as the 2D analog of the well-known class
of Maximum Distance Profile (MDP) convolutional codes [?].

II. PRELIMINARIES
A. 2D convolutional codes
In this paper, we consider convolutional codes constituted by

finite support two dimensional sequences defined in F", where F
is a finite field,

N2 — F

(i7j ) = Ui

These sequences can be represented as polynomial vectors in two
variables

v

v(z1, 22) = Z vi,j 212 € Flz1, 20"
(4,5)EN?

where F|[z1, 22] denotes the ring of polynomials in two variables.
Definition 1: A 2D convolutional code of rate k/n over F is a
free F[z1, z2]-submodule of F[z1, z2]" of rank k.
Any polynomial matrix G(z1,22) € F[z, zg]"Xk whose
columns constitute a basis of C, i.e., such that

C

= Mg,z G(z1,22)

{v(z1, 22) € F"[21, 22] : v(21, 22) = G(21, 22)u(z1, 22),
u(z1,22) € F*[21, 20]},

is called an encoder of C. The vector u(z1,22) is called the
information sequence, which produces the corresponding codeword
v(z1, 22) = G(z1, 22)u(z1, 22).

Two full column rank matrices G(z1,22),G(21,22) €
Flz1, 2z2]"** are equivalent encoders if they generate the
same 2D convolutional code, i.e., impy, 2, G(z1,22)
imp;, »,) G(21,22), which happens if and only if there ex-
ists a unimodular’ matrix Ul(z1,22) € ]F[zl,zﬂ“k such that
G(z1,22)U(z1,22) = G(z1,22) [?].

A matrix G(z1,22) € Flz1, 22]™*F, with n > k, is called right
factor prime (rF P) if for every factorization

G(z1,22) = G(21,22)V (21, 22),

YA matrix U (21, 22) € Flz1, Zz]ka is unimodular if it has a polynomial
inverse or equivalently if det U(z1, z2) € F \ {0}.
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with V(z1,22) € Flz1,22]"**, V(21,22) is unimodular. An
immediate consequence of the above definition is that right factor
prime matrices are always full column rank.

As unimodular matrices preserve the primeness properties of the
encoders of a code we have that if a 2D convolutional code C
admits a rF'P encoder then all its encoders are r»F'P. Moreover, if
an encoder G(z1, 2z2) of C is such that G(0, 0) is full column rank,
the same happens for all the encoders of C.

Definition 2: A 2D convolutional code that admits rF' P en-
coders is called noncatastrophic and a 2D convolutional code that
admits an encoder G(z1, z2) such that G(0,0) is full column rank
is called a delay-free 2D convolutional code.

A noncatastrophic code admits a kernel representation as stated
in the following proposition.

Proposition 1: [?] Let C be a 2D convolutional code of rate k/n.
Then there exists a matrix H (21, 22) € F[z1, 22]" ¥ ** such that

C kerp(;, 2, H (21, 22)

{v(z1, 22) € Flz1,22]" : H(z1, 22)v(71,22) = 0}

if and only if C is noncatastrophic.

Definition 3: Let C be a noncatastrophic 2D convolutional code
C of rate k/n. A matrix H(z1,22) € Flz1, 22]"~®>* such that
C = kerp[, 2, H(21, 22), is called a parity-check matrix (or a
syndrome former) of C.

In this paper we will consider noncatastrophic delay-free convo-
lutional codes.

Codes with good distance are more robust to error corruption.
The degree of a 1D convolutional code is one of the parameters
of the generalized Singleton bound on the distance of these codes.
To define similar notions for 2D convolutional codes, we need to
consider first the usual notion of (fotal) degree of a polynomial
matrix

G(Zl722) = Z G(Z,])Z;Z% S F[ZlvzﬂnXk’

(3,5)EN?
with G(i,j) € F***, defined as
deg(G(z1, z2)) = max{i + j : G(4,j) # 0}.

We can define the (total) degree of a polynomial vector (or just of
a polynomial) in the same way.

We define the degree of a 2D convolutional code in a similar
way as it is defined for 1D convolutional codes.

Definition 4: [?] Let C be a 2D convolutional code, G(z1, z2) €
F[21, 22]"** an encoder of C and v; the column degree of the ith
column of G(z1, z2), i.e, the maximum degree of the entries of the
ith column of G(z1, 22). The external degree of G(z1, z2), denoted
by 6e(G(z1, 22)), is defined as

k
bc (G(z1,22)) = Zu

and the degree of C, denoted by 6, is defined as the minimum of
the external degrees of all the encoders of C.

Next we define the notion of distance of a 2D convolutional code
as in [?].

Definition 5: The distance of a 2D convolutional code C is
defined as

dist(C) = min{wt(v) : v € C\ {0}}.

> wi(vig),

(i,5)EN?

with

wt(v)
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where v(z1, 22) = E Vi ;2123, vi; € F", and wt(v; ;) is the
(5,5)EN?
number of nonzero entries of v; ;.

Theorem 1: [?] Let C be a 2D convolutional code of rate k/n

<31 (2] (.

dist(C) < %(V i :

This upper bound is called the 2D generalized Singleton bound.

0 0

- J+1>+6+1

B. Separations sets
Let us call past and future of a point (4, ) € Z* the sets
Puyy ={(hk)€Z*:h<iandk<j}
Fag) ={(hk)€Z?:i<handj<k}
respectively. The sets
CG={(GJ) ez’ i+j=1},

are called separation sets.
Thus, given a separation set C;, Z? is partitioned in two subsets

Pe, = |J Pusp Feo= U Fap

(i,9)€C; (4,5)€C;

forl =0,1,... (1)

and

Given a word
v(z1,22) = Z vi,j21 2 € B [21, 22,
(4,5)EN?
the support of v is defined as
5" ={@,j) € N? v # 0}.

We call Cy, the initial separation set of v if

lo=min{l € {0,1,...}:CNS" #0}
and [y the initial index of v.

III. SEPARATION SET DISTANCE FOR 2D CODES

A. Separation set distance of a 2D convolutional code

In this section we define the sequence of separation set distances
of a 2D convolutional code. As their counterparts on 1D convolu-
tional codes, the column distances, they measure the “spread” of
the codewords truncated at a certain degree.

Let us define the truncation of length | of a word

7 n
E Vi 217y, vij €F,
(i,5)€N?

v(z1, 22)
to the interval [h, h + ], for [, h € N, as

i,
Vi,j21%3-

h<it+j<h+l

Ulh,h+1] =

Definition 6: The l-th separation set distance of the 2D convo-
lutional code C, dj, I € {0,1,...} is defined as

di = min{wt (vyg,1044) : v € C\{0} and lo is the initial index of v}.

Let G(z1,22) = Z Gi 212}, Gij € F"™* be an encoder

(4,5)EN?
of C, and let v(z1,22) = Z vijzizh € C, wvi; € F" and
(,5)EN?
u(z1, z2) = Z wi ;225 € F¥[21, z2), wi; € F¥, be such that
(i,5)eN?
v(z1,2z2) = G(z1, z2)u(z1, 22). Then
(voo | vio wou | w20 w11 won |...)",
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can be obtained by multiplying the sliding matrix

Go,0
G1,0 | Go,o
Go,1 Go,o
s = | G2o0|Gio Go,0 )
Gi1 | Go,i Gio Go,o
Go,2 Go,1 Go,0
by the vector
T
(uoo | w10 wou |u2o win wo2l|...) ,

Note that since we assume that Go,o is full column rank, if (i, 7) €
N? is such that S” NP ;) \ {(4,5)} = 0, ie., v(z1, 22) is zero
on the “strict past” of (¢, 7), the same happens for u(z1, 22), i.e.,
S NP \{(, 4)} = 0. Moreover, if Iy is the initial index of v
then [y is also the initial index of v and

Ci, N SY = Ci, N SY
Then we have that
di = min {Wt (Gfo‘ (ury g1
l

ulo+l)T> :

Ulg+i = (ul0+i,0 Ulg+i—1,1 u0,10+i)
i:O,...,landulU #0,lo ENo}.

where
Go,10+1
. Giio+1 | Go,io+2
G, =
l1
Glio+1 | Gi—1,10+2 Go,19+1+1
with
Gh,o
Gh-11  Ghpo
Gni=| Gon Gina Gho | € FFHImxtk
Go,n
Go,n
If H(z1,22) = Z H; ;72 € F"WX" is a parity-

(4,5)EN?
check matrix of C, then for v(z1,22) € F"[z1,22] it follows
that v(z1,22) € C if and only if H(z1,22)v(z1,22) = 0, or
equivalently, if we consider the parity-check matrix in the sliding
matrix form

Ho o
Hio | Hoo
Hy 1 Ho,o
Hs — szo Hl,o HO,O
Hi1 | Hop Hipo Hoo
Hoyg H0,1 HO,O
) 3)
if and only if H° (vo,0 wv10 woa1 ---)° =0.Then
. s T
d? = min {Wt (U[lo,l(H—l]) . Hlo” (’Ulo Ul(H»l) =0:
Vig+i = (U10+i,0 Vig+i—1,1 Uo,lo+i) € len(lo+i+1)7

i =0,...,0 and Iy is the initial index of v}

where Hfol is defined analogously as Gfgl .
l 1

Proposition 2: Let C be a 2D convolutional code. Then

1) The separation set distances is a nondecreasing sequence, i.e.,
dy <dj <d;<---.

2) The sequence of separation set distances converges in a finite
number of steps to the distance of the code, i.e., there exists
I > 0 such that dj = dist(C).

Let v(z1,22) € C and u(z1,22) € F*[z1,22] be such that
v(z1,22) = G(z1,22)u(z1,22) and let [y be the initial index of
v(z1, 22) and u(z1, 22). If S¥lo-to+1 N {(4,0) : ¢ € N} = ) then
S losto+ N {(4,0) : ¢ € N} = () and

(21, 22) = G(21,22) % ‘u(21, 22) 19,1041 € C
and is such that
W (D10 —1,10—1+1) = WH(V[10,10+1))

In the same way, if S“lo-lo+d N {(0,j) : j € N} = () then also
Stlo-to+11 N {(0,5) : 5 € N} =0 and

W (D10 —1,10—1+1) = WH(V[10,10+1))

c Fle(ZU+i+1), where @(21, 22) = G(Zl, zg)zl_lu(zl, ZQ)[lo’l0+l].

These considerations imply the following proposition.
Proposition 3: Let d € N. Then dj = d, for j € N, if and only
if the following conditions are satisfied:

1) all the d — 1 columns of Hfo‘ in which
j

a) one column has index in

{1,...;,n} U{(lo+Dn+1,...,(lo+2)n} U---U
U-—-U{[jlo+1+2+---+jn+1,...
o lo+ 14244+ (G +1)n}

b) one column has index in

{lon+1,...,(lo+1)n}tU
U{@lo+2)n+1,...,2lo+3)n}U
U{Blo+5n+1,...,8lo+6)n} U---U
U---U{[G+Dlo+1+2+---+4n+1,...
D124+ G+ D)0}

¢) one column has index in {1,...,(lo + 1)n}

are linearly independent, for all lp € N.
2) there existe lop € N such that there exist d columns of H, fo‘
that satisfy the conditions a), b) and c) of 2), that are linearljy
dependent.

The following proposition gives an upper bound on the separation
set distances of a 2D convolutional code, and shows that if an [-
th separation set distance achieves the upper bound, then all the
formers ones are also optimal.

Proposition 4: Let C be a 2D convolutional code of rate k/n.

Then
(n—k)(I+2)(1+1)

1) dj < 3 + 1, foralll € N;
2) if dj = (n— k) ;r 2)(t+1) + 1, for some [, then
(n—k)U"+2)('+1)

+1

dS/ =
t 2

forall 0 <l <.
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B. Maximum Separation Set Distance Profile 2D convolutional
code

We are now in position to introduce for the first time the novel
definition of Maximum Separation Set Distance Profile in the
context of 2D convolutional codes. This notion is the analog of
Maximum Distance Profile of 1D convolutional codes and express
the idea that these codes possess the maximum separation set
distance that is possible to achieve at all instances.

Definition 7: A 2D convolutional code with rate k/n and degree
¢ is said to have Maximum Separation Set Distance Profile if

(n—k)(I+1)(1+2)

di = 5 +1
for | < L where
L = max{lEN: (n_k)(l—;l)(l—’—% +1 <5, where
n é 1 1
1RSI HED R (RO RS

Note that from Proposition ??, a 2D convolutional code has
Maximum Separation Set Distance Profile if and only if

(n—k)(L+1)(L+2)
2
The existence of Maximum Separation Set Distance Profile 2D
convolutional codes of any rate and degree must be investigated.
Next, we will consider the particular case of k = 1.
A 2D convolutional code of rate 1/n and degree ¢ has Maximum
Separation Set Distance Profile if

n—1)(1+1)(1+2)
2

di = + 1.

df:( +1

for I < L where

V(20 +3)2(n—1) +45(6+3)  25+3
2vn—1 2

Let us give a construction of a 2D convolutional code of rate
1/n and degree 6 = 1 with Maximum Separation Set Distance
Profile. In this case L = 1. Let X € F™*? be a superregular
matrix, i.e., a matrix with all minors of any order different from
zero. Construction of superregular matrices can be founded in [?].
Write X = [X1 Xa], with X; € F", i = 1,2, let

L:=0+

G(z1,22) = X1 + Xoz1 + Xozo

and consider C the 2D convolutional code with encoder G(z1, z2). It
is easy to see that C is a noncatastrophic delay-free 2D convolutional
code with degree 1. Let us see that C is a Maximum Separation
Set Distance Profile code. For that we need to show that for all
nonzero v(z1, 22) € C, wt (vig,10+1]) = 3n — 2, where lo in the
initial index of v(z1, 22).

Let v(z1, 22) = G(z1, z2)u(z1, z2) and write

_ 17 m
v(z1,22) = E Vijz1%2y, vij €F,
(i,5)€N?

and
.
u(z1,22) = E uijz173, Ui € F.
(i,5)EN?

If l[p = 0, then upo # 0 and therefore voo = Xiuoo has weight
u10

00
than or equal to n — 1 because X is superregular and therefore

wt (vjig,10+1]) = 30— 2.

n and vig = X [ } and vo1 = X {Zm} have weight greater
00

514

In case lop > 0, let us consider two cases: u,,0 7 0 or uo,;, # 0
and Uly,0 = U0,lg = 0.

1) Let us assume that that u;,,0 7 0. Then v;,,0 = X1u,,0 has
Ulg+1,0

weight n and vyy41,0 = X W o
0>

has weight greater or

equal than n — 1. Since
l lo+1
wt (UO,loZ2O + v0,19+125 ) >n

it follows that wt(v) > 3n — 2. The same reasoning can be
done if uo,;, # 0.

2) If Uly,0 = U0,lg = 0, then
Uly+1,0 # 0 and U0,19+1 7& 0
which implies that
Vig+1,0 = X1Uig+1,0 and Vo041 = X1U0,19+1

have weight n. Moreover, there exists ¢ such that uy,—¢,; #
0 and therefore vi,—¢¢+ = Xiui,—¢,¢ has weight n, which
implies that wt (vjg,104+1)) > 3n — 2.

Further research must be done to obtain constructions of Max-
imum Separation Set Distance Profile 2D convolutional code of
degree § > 2. We believe that other type of constructions must be
considered.
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