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Abstract— In this talk we focus on a particular instance of the
realizability problem, namely, on the question of establishing
whether two given functions ρ1(i) and ρ2(i, j) non-negative and
symmetric on Zd (d ∈ N) are the first two correlation functions
of a translation invariant point process on Zd. We present a
joint work with Emanuele Caglioti and Tobias Kuna, where
we provide an explicit construction of such a process for any
d ≥ 2 under some natural assumptions relevant for applications
in fluid theory and material science (iso-g processes).
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I. INTRODUCTION

The realizability problem is an infinite dimensional version
of the classical truncated moment problem which natu-
rally arises from applied fields dealing with the analysis
of complex systems, and which is still open in many
of its aspects. One of the main difficulties in studying
such a system is to handle an enormous number of its
identical components. This challenge is commonly tackled
by evaluating selected characteristics of the system which
provide a reasonable picture of its qualitative behaviour. For
example, the so-called correlation functions (often just the
first two) are the most interesting quantities characterizing
particle systems in statistical mechanics and can be estimated
through approximation schemes such as Percus-Yevick and
hyper-netted chain approximations. The realizability problem
exactly addresses the question of determining whether or
not the resulting functions represent the actual correlation
functions of some random distribution.

Let us give a rigorous formulation of this problem in the
setting considered in [1], that is, the realizability problem for
point processes on the d−dimensional lattice, where d is a
positive integer. Recall that a point process on Zd is a random
collection of points in Zd, whose distribution is described
by a probability measure on the set of all possible point
collections. In the following we will consider only simple
point processes, i.e., countable collections of distinct points
in Zd, and so we will omit “simple” as no confusion can
arise. Then the set of all possible point processes on Zd can
be seen as the set of all counting functions {0, 1}Zd

. The
first and second correlation functions of a point process P =
{Pi}i∈Zd on the d−dimensional lattice, Pi ∈ {0, 1}, whose
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distribution is described by the probability µ, are defined as{
ρµ1 (i) := Eµ(Pi)
ρµ2 (i, j) := Eµ(PiPj)− Eµ(Pi)δ(i− j)

,

where i, j ∈ Zd, δ is the Dirac delta function and Eµ denotes
the expectation w.r.t. µ.

The truncated realizability problem in this setting ad-
dresses the following question: given two functions ρ1(i)
and ρ2(i, j) non-negative and symmetric for all i, j ∈ Zd,
does there exist a point process P with distribution µ for
which these are the correspondent first and second correlation
functions, i.e., ρ1(i) = ρµ1 (i) and ρ2(i, j) = ρµ2 (i, j) for
all i, j ∈ Zd? Clearly, the problem can be posed for any
finite sequence of non-negative and symmetric functions
(ρk(i1, i2, . . . , ik))nk=1 with n ∈ N, but for simplicity we
will just focus on the case n = 2. We should mention that
when this question is asked for a given infinite sequence
(ρk)∞k=1, then the problem is addressed as full realizability
problem (see e.g., [9] for a systematic study of the full case
for point processes and [4] for recent developments).

Keeping in mind that the correlation functions associ-
ated to a point process are the factorial moments of its
distribution, it should be clear now that the realizability
problem for point processes on Zd is nothing but a moment
problem posed for measures supported on the set of all
possible point processes on the d−dimensional lattice, so it
can be regarded as an infinite-dimensional moment problem.
This reinterpretation has been recently used as a powerful
approach in several particular instances of the realizability
problem, see e.g., [2], [5], [6], [7], [8].

In [1] we consider the important special case of translation
invariant point processes, which actually contains all the
essential difficulties of the problem. In this case the realiz-
ability problem asks if, for given ρ ∈ R+ and g : Zd → R+

symmetric, there exists a translation invariant point process
on Zd with distribution µ such that{

ρµ1 (i) = ρ
ρµ2 (i, j) = ρ2g(i− j)

. (1)

If such a process exists, then it is said to be realizing
(ρ, g) and the latter is called a realizable pair on Zd. The
function g is known in fluid theory as radial distribution.
The realizability problem is in fact a longstanding problem
in the classical theory of fluids (see e.g., [3], [11]), but it has
been investigated in many other contexts such as stochastic
geometry [8], spatial statistics [14], spatial ecology [10], just
to name a few. In particular, Stillinger and Torquato devel-
oped fascinating applications in the study of heterogeneous
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materials and mesoscopic structures based on the solvability
of the realizability problem (see e.g., [12], [13], [15]).

II. ISO-gα PROCESSES ON Zd: OUR CONSTRUCTION

In [1] we explicitly construct a point process on the
d−dimensional lattice with d ≥ 2 such that, for given α ≥ 0
and ρ > 0, (1) holds for g = g(α) defined as follows:

g(α)(x) :=

 0 if x = 0
α if |x| = 1
1 if |x| > 1

, x ∈ Zd. (2)

Such a process is then a realizing process for (ρ, gα) and it
is usually referred to as iso-g(α) process. The realizability
problem for iso-g(α) processes has been extensively studied
for the case α = 0 by Stillinger and Torquato, e.g., in [12].
The function g(0) describes a model with on-site and nearest
neighbour exclusion and with no correlation for pairs of sites
separated by two or more lattice spacings. For any fixed
α ≥ 0, explicit constructions of iso-g(α) processes in the
case d = 1 were provided in [6, Appendix 1] but to the best
of our knowledge no constructions were introduced before
in higher dimensions.

Let us then briefly review the multi-dimensional construc-
tion we propose in [1], which is actually a very natural
method to build a point process on Zd with d ≥ 2 starting
from a point process on Z. Given α ≥ 0, we call basic
process with density γ (in short BPγ) a point process defined
on Z and realizing (γ, g(α)). For any j = 1, . . . , d we
independently define a point process B(j) on Zd such that
for any fixed i1, . . . , ij−1, ij+1, . . . , id ∈ Z, {B(j)

i1,...,id
}ij∈Z

is a BPγ in the variable ij . In other words, the process
B(j) can be seen as a sequence of parallel BPγ’s inde-
pendent one from each other. Using the simple but special
structure of each of the B(j)’s and their independence,
we show in [1, Section 2.1] that the point process P :=

{Pi1,...,id}(i1,...,id)∈Zd with Pi1,...,id := B
(1)
i1,...,id

· · ·B(d)
i1,...,id

is a realizing process for the pair (γd, g(α)).

III. THE MAXIMAL REALIZABLE DENSITY
The main challenge in the study of the realizability prob-

lem for iso-g(α) processes is to find the maximal value of the
uniform density ρ for which realizability can be established
for a specified α ≥ 0. In fact, it was proven in [6, Section 1]
that for a fixed α the set of realizable densities ρ is an interval
[0, ρ̄α(d)] with 0 < ρ̄α(d) ≤ 1.

In [1, Section 3.1] we extend to the higher dimensional
case the techniques introduced in [6] for getting an upper
bound for ρ̄α(1). Indeed, using that a necessary condition
for the realizability of a given pair (ρ, g(α)) by an iso−g(α)
process on Zd is the positive semidefiniteness of its associ-
ated covariance matrix, we obtain that ρ̄α(d) ≤ 1

1+2d|1−α| .
for any d ∈ N and α ≥ 0.

Concerning the lower bounds, in [6] the authors discuss
certain general methods which, when applied to (2), yield the
following lower bounds for ρ̄α(d) in any dimension d ∈ N:

ρ̄α(d) ≥ rA(α, d) :=

{ 1
e(2d+1−2dα) , if 0 ≤ α < 1,
1
α2d , if α ≥ 1.

For the one-dimensional case, they also develop some ex-
plicit constructions of realizing iso-g(α) processes which pro-
vide concrete lower bounds for ρ̄α(1) improving rA(α, 1).

In [1, Section 3.2] we prove that our d−dimensional
construction combined with these one-dimensional concrete
lower bounds provides the following lower bound for ρ̄α(d)
for any d ≥ 2 and any α ≥ 0:

ρ̄α(d) ≥ rC(α, d) :=


1

(1+
√
1−α)2d , if 0 ≤ α < 1

2 ,
1

(1+
√
2−2α)d , if 1

2 ≤ α ≤ 1,
1

(2α−1)d , if α ≥ 1.

For each d ≥ 2 we also identify the range of values of α for
which our lower bound rC(α, d) improves rA(α, d) and so
provides a better approximation of the feasibility region for
the corresponding class of realizability problems:
• if 0 ≤ α < 1

2 then rC(α, d) ≤ rA(α, d)
• if α ≥ 1 then rA(α, d) ≤ rC(α, d)
• if 1

2 ≤ α ≤ 1 then the relation between the two
bounds depends on the dimension d. In fact, there exists
αC(d) ∈

[
1
2 , 1
]

such that rA(α, d) ≤ rC(α, d) for all
α ∈ [αC(d), 1].

REFERENCES

[1] E. Caglioti, M. Infusino, and T. Kuna, Translation invariant realizabil-
ity problem on the d−dimensional lattice: an explicit construction,
Electron. Commun. Probab., vol. 21, pp. 1-9, 2016.

[2] E. Caglioti, T. Kuna, J.L. Lebowitz, and E. R. Speer, Point Processes
with Specied Low Order Correlations, Markov Processes Relat. Fields,
vol. 12, no.2, pp. 257–272, 2006.

[3] C. Garrod, and J. K. Percus, Reduction of the N-particle variational
problem, J. Math. Phys. vol. 5, pp. 1756–1776, 1964.

[4] M. Infusino, T. Kuna, and A. Rota, The full infinite dimensional
moment problem on semialgebraic sets of generalized functions, J.
Funct. Analysis, vol. 267, no. 5, pp. 1382–1418, 2014.

[5] L. Koralov, Existence of pair potential corresponding to specified
density and pair correlation. Lett. Math. Phys., vol. 71, no. 2, pp.
135–148, 2005.

[6] T. Kuna, J. L. Lebowitz, and E. R. Speer, Realizability of point
processes, J. Stat. Phys. vol. 129, no. 3, pp. 417–439, 2007.

[7] T. Kuna, J. L. Lebowitz, and E. R. Speer, Necessary and sufficient
conditions for realizability of point processes, Ann. Appl. Prob., vol.
21, no.4, pp. 1253–1281, 2011.

[8] R. Lachieze-Rey, and I. Molchanov, Regularity conditions in the
realisability problem in applications to point processes and random
closed sets, Ann. Appl. Probab., vol. 25, no. 1, pp. 116–149, 2015.

[9] A. Lenard, States of classical statistical mechanical systems of in-
finitely many particles I.II. Arch. Rational Mech. Anal., vol. 59, no.
3, pp. 219–239, 241–256, 1975.

[10] D. J. Murrell, U. Dieckmann, and R. Law, On moment closure for
population dynamics in continuous space. J. Theo. Bio., vol. 229, pp.
421–432, 2004.

[11] J. K. Percus, The pair distribution function in classical statistical
mechanics. In Proc. The Equilibrium Theory of Classical FluidsFrisch,
H.L., Lebowitz, J.L. (eds.), Benjamin, New York, 1964, pp. II33-II170.

[12] F. H. Stillinger, and S. Torquato, Pair correlation function realizability:
Lattice model implications. J. Phys. Chem. B, vol. 108, pp. 19589–
19594, 2004.

[13] F. H. Stillinger, and S. Torquato, Realizability issues for iso-g(2)
processes. Mol. Phys., vol. 103, pp. 2943–2949, 2005.

[14] D. Stoyan, Basic ideas of spatial statistics, Lecture Notes in Phys.,
vol. 554, Springer, Berlin, pp. 3–21, 2000.

[15] S. Torquato, Random Heterogeneous Materials: Microstructure and
macroscopic properties, Interdisciplinary Applied Mathematics 16,
Springer-Verlag, NewYork, 2002.

MTNS 2018, July 16-20, 2018
HKUST, Hong Kong

341


