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Beurling-Lax representations for weighted Bergman shift-invariant
subspaces: the free noncommutative setting

Joseph A. Ball!

Abstract— The Beurling-Lax-Halmos theorem tells us that
any invariant subspace M for the shift operator S: f(z) —
zf(z) on the vectorial Hardy space over the unit disk

HY = {f(2) = X320 i7" If1* = S50 [1£51* < oo} (the
Reproducing Kernel Hilbert Space with reproducing kernel
K(z,w) = (1 — zw) 'Iy) can be represented as M = Me H7,
where Mo : HY — HJQ, is an isometric multiplication operator
Me: u(z) — ©(z)u(z). One proof constructs © as the transfer-
function of a discrete-time input-state-output linear system
explicitly constructed from the shift-invariant subspace M. We
discuss analogues of this result and related constructions for
the setting of multivariable weighted Bergman spaces in the
free noncommutative setting.

I. INTRODUCTION

For X and ) any pair of Hilbert spaces, we use the
notation £(X,)) to denote the space of bounded, linear
operators from X to ), shortening the notation £(X, X)) to
L(X). We start with the classical discrete-time linear system

. x(k+1) = Ax(k)+ Bu(k)
X(U): { y (k) = Cx(k) + Du(k)

with x(k) taking values in the state space X, u(k) taking
values in the input space U and y(k) taking values in the
output space ), where U, Y and X’ are given Hilbert spaces
and where the system matrix

U— A B| |X . X

~|C D| U Yy

is a given bounded linear operator. If we let the system
evolve on the nonnegative integers n € Z, then the whole
trajectory {u(n),x(n),y(n)}nez, is determined recursively

from the input signal {u(n)}nez, and the initial state
x(0) = x. Application of the Z-transform

1.1)

1.2)

{fB) ez, = FOO) = f(R)AF

k=0
to the system equations (I.1) eventually leads to
X(A) = (I —AA) 'z + A1 — XA BU(N),
YA =C(I = A) "tz +[D+\C(I — NA) "' BJGa(\)
= (Oc,az)(A) + Ou(A)u(X), (1.3)

where

Oca: x> Y (CA*Z) N =C(I-XA) 'z (14)
k=0
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is the (frequency-domain) observability operator and where
Ou(\) =D+ \C(I-XA)"'B (L5)

is the transfer function of the system X given by (I.1). In
particular, if the input signal {u(n)},cz, is taken to be zero,
the resulting output {y(n)},ez, is given by y = O¢, 42(0).
If Oc 4 is injective, ie., if (C, A) satisfies the so-called
observability condition

ﬂ Ker CA* = {0},

k=0

(1.6)

we say that the output pair (C, A) is observable. In case
Oc, 4 is bounded as an operator from X into the standard
vector-valued Hardy space of the unit disk

1 = {f(A) =SSN AR < oo}7
k=0 k=0

we say that the pair (C, A) is output-stable.

The case where the system matrix U is unitary is of special
interest. In system-theoretic terms this has the interpretation
that the system 3(U) is conservative in the sense that the
energy stored by the state at time k (||z(k+1)[|? — ||z (k)||*)
is exactly compensated by the net energy put into the system
from the outside environment (||u(k)||? — |ly(k)||?), with a
similar property for the adjoint system. From the operator-
and function-theoretic points of view this case is interesting
since the observability operator turns out to be contractive
from X into HJQ, while the transfer function ©y turns out
to be in the Schur class S(U,Y) (i.e., analytic on the open
unit disk I and such that ©(z) is a contraction in L(U,))
for every z € D). A remarkable fact is that any function
© in S(U,)) can be realized as the transfer function of a
conservative linear system of the form (I.1).

If in addition the state space operator A is strongly stable
in the sense that A"z — 0 as n — oo for each x € X, then
the observability operator is a partial isometry (in fact an
isometry if (C, A) is observable) and the transfer function is
inner (the boundary values exist almost everywhere on the
unit circle T and are isometric operators from U to )). In
fact any inner function arises in this way as the transfer
function of a conservative system Xy with strongly stable
state operator A, as can be seen as a consequence of the
Sz.-Nagy-Foias model theory (see [11]).

If we start with a shift-invariant subspace M C H 32, and
we wish to construct an inner function © so that M = © -
HZ?, it suffices to find an appropriate unitary U so that © =
Oy works. As a first step, take X = ML, A = S*| 1,
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C = evy| L Where evy is the evaluation-at-zero map f —
f(0). Then A is strongly stable and one can see that [ 4] is
isometric with the additional property that Oc 4: X — Hj, 2
is isometric with range exactly equal to M. If one then

Bl:U— [ML} of the Cholesky

finds an injective solution [ 5

factorization problem

(Bl o] =[57] -

and sets U = [4 B], then Oy is inner and a reproducing
kernel computation shows that we recover M as M =
G Hf, and we have a constructive systems-theory proof
of the Beurling-Lax theorem (see [5, Theorem 5.2] for this
approach carried out in a multivariable context).

If instead we start with an inner function ©, one can take
the invariant subspace M to be M = © - H7 and repeat
the construction given in the previous paragraph. However
the Cholesky factorization step can be done much more
explicitly, the result being

[481=] J: 141 =]

Then [£ 5] is unitary and we recover © as © = Oy. This
has been called the functional-model colligation matrix for
the inner function © in the literature—see [1] for a general
setting.

Versions of these constructions extend to more general
settings. We mention (1) the setting of weighted Bergman
spaces (see [8], [9] for background and [12], [13], [14], [2],
[3] for the systems-theory approach in this setting), and more
generally (2) multivariable weighted Bergman spaces in the
free noncommutative setting (see [15], [4]). We focus here
on extensions to setting (2).

B

D (][4 c*]

5|1 S*Melu
6(0)

ML

4 (1.7)

evol L

II. FREE NONCOMMUTATIVE (NC) SYSTEM THEORY

We let ZI denote the unital free semigroup (i.e., monoid)
generated by the set of d letters {1,...,d}. Elements of
Zj are words of the form iy ---iy where iy € {1,...,d}
for each ¢ € {1,...,N} with multiplication given by
concatenation. The unit element of Zj is the empty word
denoted by (). For a« = inin_1---i1 € Fg, we let |« denote
the number N of letters in o and we let a7 := i1 - -in_1in
denote the transpose of a. We propose to consider the
following multidimensional system with evolution along the
free semigroup Z:l':

x(la) = ™HelAx(a) + (]jl'fl') By ou(a)
x(da) = Al Ax(a) + T;l'fll) Byou(a)
y(a) = Cx(a) + (n+‘|z|‘_l) Dyu(a)
I1.1)
with the d-tuple of state space operators A = (Ay,..., Aq)

in £(X)? and the state-output operator C' € L£(X,)). Here
we have a family of system matrices and a family of input
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spaces indexed by « € Z:

U, = [é gz} : [ij — [/’g)d] where
Ay B o

A=|:|,Bs=| : 11.2)
Aq Bga

We next wish to introduce the free nc Z-transform. Toward
this end, we let z = (z1, ..., z4) to be a collection of d freely
nc indeterminates and let ){(z)) denote the set of nc formal
power series Zaezj; faz® where f, € ) and where

[
Z = ZiNZiN,l .

(IL3)

We extend the nc functional calculus (I.3) from nc in-

T % if Oé:iNiN_l"'il.

determinates z = (z1,...,24) to a d-tuple of operators
A =(Ay,...,Ay) by letting
A% = AiNAiNfl"'Ail if O[Z’L’NZ'Nfl"'il EZI,
(IL4)

where the multiplication is now operator composition. Let-
ting

Ay
A=

zd) ® Iy, :
Ag

(IL5)

3

we next observe that

d J
(Z(2)A) = (Z ziAZ) = Y A% (IL6)
i=1 ocEZd+:|oz\:j
for 7 > 0. We introduce the formal nc resolvent operator

Ay = 3 Ane

QGZI

o0

R(Z(2)A) = (I-Z(2)A)* =

(o)

along with its n-th power

Ry (Z(2)A) == (I — Z(= Z Ky, |Q‘Aa 2%

an+

and shifted counterpart

Rok(Z(2)A) = D i lapsia A2
a€Z+
where we have set u, = % We define the formal

nc Z-transform to be the map from functions on Z to nc
formal power series given by
=2 o

{fataezs = fz 11.7)
OcGZJr

Application of the nc Z-transform to the system equations
(II.1) eventually leads to

y(z)=C(I - Z(z)A) "z

+ 3 (oRmMH(Z(z)A)Z(z)Ea ol Da) 2u(a)
aezj

=Oncar+ Y O,4(2)2"u(a), (IL8)

QGZI
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where © = x(0). The first term on the right presents the
n-observability operator

Oncar=C(I-Z(2)A) "z =Y p i, (CA%)"

an+
(I1.9)
associated with the state space d-tuple A and the state-output
operator C' and where

Ona(2) = i Do+ CRy a1 (Z(2)A) Z(2) Bo (1110)

\al
is the family of transfer functions indexed by a € Z,
in complete analogy with (I.3) with one exception: O, .
depends on « and hence we cannot set Zaezg On.azu(a)
equal to ©,(z) - u(z). Note that the dependence of ©, ,
on « is only through || as long as B, depends on « only
through |a|.

III. FREE NONCOMMUTATIVE (NC) WEIGHTED BERGMAN
SPACES

Given a positive integer n, the free semigroup ZI, and
the coefficient Hilbert space ), we let A, y(Z]) be the nc
weighted Bergman space

{Zfaz € Y({

anJr

VS et 1fall3 < oo}

anJr

(IIL1)

One can view A, y(Z;) as a formal nc reproducing kernel
Hilbert space in the sense of [7] with formal kernel

knc,n(zyw)(g)[y: Z K, ‘O‘l]—yz w®

QGZI

Alternatively, after substituting d-tuples of square matrices
(Zy,...,Z4) of arbitrary square size for the indeterminates
(21,...,2q) and considering the space .A,, y as a space of nc
functions in the sense of [10], one can consider A, y(Z])
as a nc reproducing kernel Hilbert space in the sense of [6],
but here it is convenient to restrict to the less general former
point of view. The Hilbert space A, y(Z]) is equipped
with a d-tuple of shift operators S = (S57,...,54) given
by multiplication on the right by the j-th coordinate:

Sy: f(2) = f(2) -2

A subspace M of A, y(Z) is said to be shift-invariant if
S;- M C Mforj=1,...,d We seek to describe such
shift-invariant subspaces via a Beurling-Lax theorem for this
setting.

We define a formal power series ©(z) = >, cz+ Oaz”
with coefficients in £(U,)) to be a nc Bergman inner func-
tion (actually here formal power series rather than function)
if

(i) Mo: u — O(z) - u is isometric from the coefficient

space U into A, y( ¥, and
(i) ©(2)-u L O(2)2z*-vin A, y(Z
and nonempty « in Z"'

¥ for all u,v € U
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We say that a collection {©5: 8 € ZI} where O €
L(Ug,Y) for a family of input spaces Uz (B € Z) is a
Bergman-inner family if
(i) the operator ug — Ogugz” is isometric from Us into
Ay, y(Z+)
(ii) @5zﬁuﬁ 1 0,(2)27uy in A, y(Z)) for all ug € U,
uy € Uy for all B and 7y in Z+ W1th B # ~, and
(>iii) for each acZh,

SaT< @ @5ZBM[3> = @ @,@azﬁauga.

Bez} Bez}

It turns out that any nc Bergman inner function © can be
embedded as ©yp into a Bergman inner family {©4} pezt
and, in case d = 1, whenever ©(z)z" is a nc Bergman inner
function, then © can be embedded as ©® = O, inside a
Bergman inner family {©3: 8 € Z }. It is this notion of nc
Bergman-inner family which leads to a compelling extension
of the Beurling-Lax theorem to the nc weighted Bergman
space setting, as demonstrated by the following result.

Theorem 3.1: Let M be a closed S,, g-invariant subspace
of A, y(Z7). Define formal power series O3 € L(Ug,))
so that the map ug — ©gupz” is an isometry from Ug

(@4 SBTjM) . Then
= {@5}5€Z+ is a nc inner family giving rise to a Beurling-
Lax representation for the shift-invariant subspace M in the

following sense:
= D 05z

BeZ}

onto the space Mg = s Mo

M = MeH}y,,(Z )27 U, (IIL2)

fo — {@/B}ﬂezj is another such nc inner family, then for

each 3 € Z there is a unitary operator Uz : Uz — Up so that
05(2)Us = O5(2).

Conversely, if {Ga}aezj is a nc Bergman-inner family and
we set M, = ©(z)z%* - Uy, then M = @ M, is a shift-
invariant subspace for S in A, y(Z%).

IV. NONCOMMUTATIVE TRANSFER-FUNCTION
REALIZATION OF NC BERGMAN-INNER FAMILIES

Theorem 3.1 shows how nc Bergman-inner families
{Oa }aeﬁ can be computed from a shift-invariant subspace

M of the nc weighted Bergman space A, y(Z ) via a nc
analogue of the Halmos wandering-subspace constmction.
We now show how such nc Bergman-inner families can be
constructed in transfer-function realization form for time-
varying nc systems of the form (II.1) with system matrices
U, = é gz as in (II.2) satisfying some additional metric
constraints as follows.

Given A,B,,C,D, as in (IL.2), introduce shifted
weighted observability gramians &, , ¢ a (for fixed n equal
to the index for the weight sequence {ii, ;}j>0, kK € N, C
and A = (4;,...,4,) as in (IL2)) by

37 AT CTCAS,

anJr

nk(?A
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We assume that the series defining &,, , c A is strongly
convergent and that &,, . c A has a bounded inverse for

k = 1,2,.... The additional metric constraints which we
shall impose on U, are
A C*} {ﬁn,BH,C,A ®l 0 } {A Eﬂ]
B D 0 il o) Lo Ds
S p.0a 0 ]
= 181,C, , av.n
[ 0 Iy,
A 6, oca 0[4 O
C Dg 0 Iu,| |B; Dj
|:® ,|B|+1,C,A ®Iq 0 :| . (IVZ)
0 fin, |8 Ty

We then have the following result, the nc multivariable
weighted-Bergman analogue of the result in Section I that
the transfer function ©y () is inner whenever U is unitary.

Theorem 4.1: Suppose that the collection of system ma-
trices {U} 5+ (I1.2) gives rise to bounded and boundedly
invertible shifted weighted observability gramian operators
&, x,c,a for which the metric constraints (IV.1)-(IV.2) are
satisfied. Define ©,, , by (I.10). Then {@}aezj is a nc
Bergman-inner family. '

A canonical way to achieve all these objectives is to start
with A = (Ay,...,As) equal to a n-hypercontractive d-
tuple of operators on X. To define this notion, we first define
an operator By € L(L(X)) by Ba(X) = 2?21 AT XA
and then set I'y o = (I—Ba)*fork =1,2,..., We say that
the operator d-tuple A = (A1, ..., Ag) is n-hypercontractive
if T, A(I) = 0 for 1 < k < n (or equivalently as it turns
out, for k = 1 and k = n). We say that A is strongly stable
if imy o0 zaezj; la|=N |A%z||?> = 0 for each z € X.
Then we have the following algorithm:

1) Choose A to be any strongly stable n-hypercontractive
operator d-tuple,.

Choose C' € L(X,)Y) so that C*C = T'y, a(I). Then
the shifted weighted observability gramians &, ;. c A

2)

(k = 1,2,...) turn out all to be well defined and
invertible,
3) Choose gg to be an injective solution of the
Cholesky factorization problem
B -1 B el —
{Dﬁ] 6, s0alB5 D5 =

0
l‘n,\B\I

n18l+1,0,a91d

[671 0 }7[é}®n|[3|0A[‘4*C*]-

Then the family of system matrices Ug = égi meets
all the hypotheses of Theorem 4.1, and hence {Op =

Dg + C’Rn,|[3|+1(Z(Z)A)Z(z)élg}ﬁezz is a nc Bergman-
inner family.

If we start with a shift-invariant subspace M C A, y(Z})
and seek a nc Bergman-inner family {Og} pez+ giving the
nc Beurling-Lax representation (II1.2), we need only modify
Steps 1 and 2 in the above algorithm: (1) A; = S7|pq1—.x
and (2') C = evy: f(z) = Zaezj faz® = fq for f €
M=+, Continue with Steps (3) and (4) of the algorithm to
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arrive at the nc Bergman-inner family {Ov, } giving the nc
Beurling-Lax representation (II1.2) for the subspace M.

If we start with a nc Bergman-inner family {©3}, we can
perform Steps (1') and (2') with M = czt O.,U,. But
then Step 3 can be done more explicitly: s1mp1y take Ug

equal to

where here S* We have thus arrived at a

% T
S* e S*S1RSP Mo luy,
tn,8[©8lo

o %j} = [W;)d} (IV.3)
s

S
compelling nc weighted Bergman space analogues of the
realization formulas presented for the single-variable case
at the end of Section I. Complete details will appear in [4].
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