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Abstract—In this work, we consider an event-triggered risk-
sensitive state estimation problem for hidden Markov models.
The event-triggered condition considered is general, which
involves the current measurement and past information. We
use the reference probability measure approach in solving this
problem. We derive the linear recursion in the unnormalized
information state conditioned on the available information
of the estimator, based on which risk-sensitive maximum a
posterior estimates can be evaluated. The results are extended
to the vector measurement scenario as well via a sequential
event-triggered approach.

I. PROBLEM FORMULATION

Firstly, we introduce a hidden Markov model (HMM) on
the probability space (€2, F, P). The hidden process con-
sidered is a discrete-time homogeneous, first-order Markov
chain X belonging to a finite set and the state space of X
can be identified with Sx = {ej,eq, - ,en}, where e; is
the unit vector in RY with the ith element equal to 1. {7}
is the complete filtration generated by o{ X, -+ , Xi}. Due
to the Markov property,

P(Xpq1 = e Fi¥) = P(Xpp1 = e X3).

Let A := (CLZ) € RNXN, Q5 =: P(Xk+1 = 6i|Xk = 6]'),
such that ) _." , a;; = 1. Then

EXpi1|FiY] = E[Xp41|X3] = AX. (1)
The sensor measurement process is
Yr = cXj + vg. 2)

For simplicity suppose y is scalar. The case of vector y is
discussed in Section II-C. vy € R is white noise with a
strictly positive density function ¢. ¢’ [c1,-,en]T €
RY is the observation vector. Similar to {F}, we have
(7).

Now we introduce the state estimation problem for the
risk-sensitive maximum a posterior (MAP) for HMMs [1],
[2]. Given X0,~~ ,Xk_l, define Xk € Sx recursively as
the risk-sensitive MAP estimate of X}, such that

X = arg min Blexp(0Pox(Q)IF] k20 3)
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where 6 > 0 is the risk-sensitive parameter and
Wo () = Vo1 + u(Xp, Q) k>0

where ‘i’o,k—1 = Ef:_ol ,u(Xi,)A(i) for k > 1 and \1107;@_1 =0
for kK = 0. Here

) = {

In this work, we consider the risk-sensitive remote state
estimation of finite-state HMMs based on event-triggered
measurements, which are sent to the remote estimator decid-
ed by an event-triggered process -y, taking values in {0, 1}.
If v, = 1, an event is triggered and ¥y, is sent by the sensor;
otherwise y;, will not be sent. Define

ifu=v
otherwise.

0,
1

)

Ik = {FY07 e 77k770y057kyk}'

Here we consider a general event-triggered condition such
that we only need to assign a probability of idle for the
sensor when given ¥, and past information, i.e.

P(vk = Olyr, Ir) = p(yr, Tr—1). €]

The objective in this paper is to evaluate the risk-sensitive
MAP estimate of the hidden state X conditioned on the
available information set 7, i.e.,

Xy = arg min Elexp(0%0(0)|Zk], k>0 (5
CeSx

II. MAIN RESULTS

In this section, we use the reference probability approach
[3] to solve the considered risk-sensitive estimation problem.
To do this, we first introduce a new measure and link it with
the original measure, based on which the reformulated cost
index is obtained and the recursive estimation problem is
further solved.

A. Change of Measure

Now we introduce a new measure P, under which we still
have

E[Xps1|Fit] = E[Xp41|Xp] = AX,
P(vk = Olyk, Tn.) = p(yr, Tr—1),

but {y},k > 0 is a sequence of independent and identically
distributed (i.i.d.) random variable with density function ¢
satisfying

P(yk < t|]:1§( U]:1271 UF]LO

(6)
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Write G, := F;X UF; U F,. Then the new measure P is
defined by the restriction of the Radon-Nikodym derivative
over Gi:

apl - _ ﬁ d(yr — cXk)

dP : (8)
dP gk =0 (rb(yk)
Using a version of Bayes’ Theorem, we have
E[A exp (6w 7T
Elexp(0%0 ()] = LR SPOVr (O] )

E[A|Z)
Thus we can modify the problem in (5) as follows:

Xy, = arg min E[Aexp(0%ox(Q))| T, k>0. (10)

B. Recursive Estimates

Definition 1: Define ay, = [ay(e1),- -+, ax(en)]? as the
unnormalized information state such that for r € Ny.

(67 (er) = E[Ak exp(H\I/()’k,l)(Xh €T>‘I]€], k Z 0. (11)
Notice that «y, is not an unnormalized conditional distribu-
tion [3], [4] since it includes not only the actual state of the
system but also part of the risk-sensitive cost.

Theorem 1: For the HMM (1)-(2) and the event-triggered
condition (4), the information state «j has the following
linear recursion:

Qp = diag{bk}Adiag{dk,l}ak,l (12)
where dj,_1 = {exp(@u(ei,f(k,l))} and
1€Ny N
b ! [ [ #ton— oo i)y
k=57 k—Ci ks Li—1)dyk
P(yk = 0Zk-1) L i€NpN
; _ _ | oyr—ci) : _
if v, =0 and b, = [ S0 LeNl:N if v, = 1.

Theorem 2: The event-triggered risk-sensitive MAP esti-
mation problem (5) is solved by

(13)
Example 1: Consider a general deterministic event-
trigged condition [5]

_ O>
fyk - 17

where §, > 0 is a fixed threshold and [; is a known
parameter based on the information set Z;_; to the remote
estimator. In this case, if v, = 0,

Xk = e, 1" = arg max ay(e;), k € N.
i€N1: N

if |yr — Br| < 0

otherwise. (14)

—0k+Pk

d(yr — ci)dyr
0Bk

/R(’b(y’f — ) p(yn, Te—1)dyr, = /(S

for ¢ € Ni.y. Combining Theorem 1 and 2, one can evaluate
the risk-sensitive MAP estimate for event-triggered condition
(14).

Example 2: Consider a general stochastic event-trigged
condition [6]

|

0, if 7 < exp(—gwk(yr — &)?)

1, otherwise. {as)
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Assume the measurement noise v(k) is Gaussian with zero-
mean and covariance o > 0 such that ¢(-) is the N(0, /o)
density. In this case, if v; = 0,

e — £.)2
/Raﬁ(yk — ¢i)p(Yk, Le—1)dyr, = i, exp <2((U+£:)_1))

for ¢« € Ny., where 7 is unrelated to ¢; and &. Again,
combining Theorems 1 and 2, one can evaluate the risk-
sensitive MAP estimate for event-triggered condition (15).

C. Extension to the Vector Measurement Scenario

Suppose the sensor measurement process where yy is m-
dimensional with elements

y,i = chk + vi

yi =Xy +vp
(16)

Yo =" X+ o', k>0.

Remark 1: If elements of the measurement noise v(k)
are correlated, in the case where v(k) is Gaussian we can
use a nonsingular linear transformation approach to get the
uncorrelated measurement noise.

We use a sequential event-triggered approach to sequen-
tially decide whether g, is to be transmitted to the remote
estimator. Likewise, let 75, € {0,1} be the transmission
decision variable of y;, and define

; 1,2 i 1,122 i .

k=177 Y %0%0: %000 Wk, L < i< m.
Then transmission probability functions for each element of
Yy can be assigned as

o i e i
P =0y, ) = 0" (Wi, i )- (17)

Theorem 3: For the HMM (1) and (16) and the event-
triggered condition (17), the information state oy has the
following linear recursion:

oy, = diag{bi } Adiag{dj—1 }x—1 (18)

and

where dj,_1 = [emp(@u(ei,f(k,l))} on
7 1:N

m 1
1= /111111—11
by, = = | ¢k —)p (e, Ty, )dyy
H(P(W;i:()lfi ) Jr *
o} o
+Vi%
¢(yk) ieNpN

19)

and the convention I,g =1;" | is assumed.

Likewise, the risk-sensitive MAP estimate Xk can be
evaluated using Theorem 2.
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III. CONCLUSIONS

We have investigated a risk-sensitive state estimation prob-
lem for finite-state HMMs based on event-triggered mea-
surements in this work. By utilizing the change of measure
approach, the linear recursive unnormalized information state
under a general event-triggering condition and the result for
risk-sensitive MAP estimates are obtained. The correspond-
ing results for the vector measurement scenario are also
achieved. The state variable considered here is discrete (finite
values), and an interesting extension is to consider systems
with continuous-range states. We speculate that the change
of measure approach and the provided frame in this work
will be also helpful to study this case.

REFERENCES

[1] S. Dey and J. B. Moore, “Risk-sensitive filtering and smoothing for
hidden markov models,” Systems Control Lett., vol. 25, no. 5, pp. 361-
366, 1995.

[2] V. R. Ramezani, S. I. Marcus, et al., “Estimation of hidden markov
models: Risk-sensitive filter banks and qualitative analysis of their
sample paths,” IEEE Trans. Autom. Control, vol. 47, no. 12, pp. 1999—
2009, 2002.

[3] R. J. Elliott, L. Aggoun, and J. B. Moore, Hidden Markov Models:
Estimation and Control. Springer Science & Business Media, 1995,
vol. 29.

[4] W. Chen, J. Wang, L. Shi, and D. Shi, “State estimation of finite-
state hidden markov models subject to stochastically event-triggered
measurements,” in IEEE 54th Annual Conference on Decision and
Control, 2015, pp. 3712-3717.

[5] D. Shi, T. Chen, and L. Shi, “An event-triggered approach to state esti-
mation with multiple point-and set-valued measurements,” Automatica,
vol. 50, no. 6, pp. 1641-1648, 2014.

[6] D. Han, Y. Mo, J. Wu, S. Weerakkody, B. Sinopoli, and L. Shi,
“Stochastic event-triggered sensor schedule for remote state estimation,”
IEEE Trans. Autom. Control, vol. 60, no. 10, pp. 2661-2675, 2015.

174



