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Antidifferentiation of Noncommutative Functions®

Leonard Stevenson', Dmitry Kaliuzhnyi-Verbotvetskyi? and Victor Vinnikov3

Abstract—1In [1], an algebraic construction is used to de-
velop a generalized derivative operator, called the difference-
differential operator, for free noncommutative functions. This
paper will construct an inverse to the difference-differential
operator and determine what conditions must be imposed on
an nc function to allow it to have an antiderivative.

We begin by providing the necessary background on
noncommutative (nc) sets and free nc functions; we refer the
reader to [1] for more detail. Let R be a unital, commutative
ring and M, N be R-modules. Denote by M, the set of
all square matrices of all sizes with entries from M. Then a
subset ) of M, is called a nc set if it is closed under direct
sums, i.e.,
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Define

1) Q, to be the set of all n x n matrices in €, and

2) Qise ={X € Mp|X @Y € Q for some Y € M}

Further, € is called right admissible if for all X € ,,Y €
Q,, and for all matrices Z € M"*™, there exists an

invertible » € R such that )0( 7‘5 € Qpym-

A mapping f: Q — N satisfying f(Q,) € N"*" for
all n € N is called a (free) nc function if it respects direct

sums and similarities, i.e., for all X € Q,,Y € Q,, and
invertible S € R™*™ such that SXS~! € Q,

fXeY)=[f(X)s YY)
F(SXS™H) = Sf(x)s7"

On nc sets, this pair of conditions is equivalent to the
condition that f respects intertwinings. That is, given X €
Q,,Y €Q,,, and S € R™*",
SX=YS = Sf(X)=f(Y)S.
When  is a right admissible nc set, a difference-
differential operator A = Ap acting on f can be defined
by evaluating f on block upper triangular matrices,

H([X 2] [f0 anE )
0 Y 0 F(Y)
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The new function, A f, can be extended to a linear function
of Z and is shown to have the following properties with
respect to direct sums and similarities,

sserexn ([2]) = [ v

AfX Y e YY) ([Z1 Z])
= [Af(X,Y)(Z1) AF(X,Y')(Z)],
Af(SXS™1Y)(SZ) = SAf(X,Y)(Z),
Af(X,SY S (ZS™) = Af(X,Y)(2)S™ .

Equivalently, A f is said to respect intertwinings,

SX = WS = SAF(X,Y)(Z)=Af(W,Y)(SZ),
SY =WS = Af(X,Y)(ZS) = Af(X,W)(Z)S.

More generally, let My, ..., My, N, ..., Nj be R-modules
and let Q© ... Q% be nc sets in Mouc, .-, Mne
respectively. Then, a function f defined on Q(©) x ... x
Q) with values k-linear mappings from A7 x ... x
NP 4 NGO ¥ or equivalently,

F(xO,.. Xk
c homR(Nlngxnl ® ... ®N]zbk71><nk7j\/orm><nk)

forall (X°,...,X*) € Q0 x.. . xQO% andall ng, ..., ny €
N, is called an order k (free) nc function if, given matrices
of appropriate sizes, it respects direct sums and similarities,
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ie.,

[z
JO.CHED ¢ I S ) ([Z(ﬂ ,ZQ,...,Zk)

[F0, XYL XY (20, 22, 2
T XYL XY (2), 22, 2N

FXO,. X7 X e XD, X0 xR

1 i1ty o AT e k
zh.., 27 7 7)., i+ 227
2

= f(XO,..., X7 XT Xt xR

(ZY,..., 297 z1, Zith 2i+2 L ZF)
+ (X0, XL X)X X
(ZY,..., 277 Z3, Z3T 20+ 2R,

FXO XL XxF e XD (2. 2R (2 ZE))
=row [f(X°,..., X" X\ (Z',...., 2", Z})
FXO, L XRLXEN (2, 2R Z))]
F(SoXO0S, X, XR)(So 2, Z2,..., ZF)
= Sof(X°, ... X"\ (Z,...,2"),
XIS XIS X XK
(Z,..., 2771, 29871, S 20T 202
= f(X°,..., X"\ (Z,...,Z"),
FXO . X S XRS (2, 2 2R s
= f(X°,..., X"z, ..., 28t

f(XO, ...
z*)

Equivalently, for appropriately sized matrices, it respects
intertwinings as follows:

ToX) = X3T, = Tof (X0, X1,..., X5)
(Z,...,7%
= (X9, XY, .. XM Ty 2, 2% ..., Z"),
2
T;X) = XiT;, —
FXO XY xd XA xR
(ZY,..., 277\, 2Ty, 27+ 2R
= f(XO.. X9 X)X X
(Z',..., 70, T, Z3%1 73+2
T.XF = X7, — f(X°,..., Xk XF)
(Z,..., 2%, ZFTy)
= f(XO .. XML XM ZY, L 20T

z"),

In this case, we write f S

THOO, Q0 NG e, Nine).

Under this definition, we say our original nc functions are
of order 0.

The difference-differential operator can be extended to

order k nc functions as follows:

(07 5] ) (] )
=col [f(X{,X",.... X"\ (2],2%,...,2")
+oAF(XY, X9, XY XM 2,723,722, ..., Z%),
FXS, XY, xR (23,22, 28],

, X/ 7z .
X0 ... Xxi-t |1 | oxatt Xk
f( ) b) ’[0 X%}’ b b

1 SRR R b/ I K
(Z,...,Zﬂ A Zg],{zzﬂ],ﬁ Z)
= f(XO,..., X7 X] Xt xR

(ZY,..., 277 Z], Zith Zi+2 7k

+AFXO L XIT X X XA X

(ZY,..., 277  z1, 2, 73T 202 ZF)
+ (X0, XL X X LX)
(ZY,..., 77\ Z], Z3 T 792 7R,

Xtz
0 k—1 1
(oo [ 2])

(z*,...,ZF " [zF Z§)])
=row [f(X°,..., X L xF)(Z',...,ZF 1 Z}),
RAF(XO, . XETLXE XY (2. 28 2k 7)
+ (X0, XML X2 2 ZE)].

In each case ;Af, j = 0,...,k, yields an nc function of
order k£ + 1, so that

jA: Tk(Q(O)7 ey Q(k);NO,nm v aNk,nc)
— TFQO . U= Q) QW) U+ o).
NO,nca v aj\/'j,anj,nCa-/V.j-i-l,nCa v 7Nk,nc)~

This paper considers the process of undoing the operators
7A. When k = 0, this means we are given a nc function, F,
of order 1. It is proved that there exists an nc function, f,
of order 0 such that Af = F'if and only if (AF = 1AF.
This is done in the following steps.

First, an order 0 nc function f is defined up to the selection
of the value of f at some arbitrary point ¥ € Q. This
definition is inspired by formula (2.19) in [1]: given X €
Qsm’

fX)=In @ fY)+ Af(Im @Y, X)(X = (I, @Y)).

It is then shown that this will yield an nc function f for
which Af = F' if and only if there exists a value f(Y) such
that

TH(Y) - [(V)T = F,Y)TY —YT) ()

for all matrices T' € R**5. Next, we define Dy : R5*° —
N3*5 by Dy (S) = F(Y,Y)(SY —YS), and show that Dy
is a Lie-algebra derivation:

Dy (S)T — TDy (S)+SDy(T) — Dy(T)S

= Dy (ST — TS). @
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Let E;; be the matrix with 1 in the 4,5 position and 0
elsewhere and let F;; := Dy (E;;). Then, for some fixed

ceN,

FY) = Z (EsiFy + B FriEy) + cl

i=1

is a value for f(Y') that satisfies equation (1), that is, Dy
is an inner derivation. This is proven by plugging matrices
of the form E,.¢ and F,, into (2) for S and T This gives a
large set of equalities which provide enough information to
show that (1) holds for all matrices T' of the form E,,. It
is then a simple matter to linearly extend this result to show
that it holds for all matrices T'.

For higher order nc functions, we turn to undoing the ;A
operators. That is, given k+ 1 nc functions, Fy, ..., Fj, each
of order k + 1, it is proved that there exists an nc function,
f, of order k such that ;A f = F} for 0 < j < k if and only
if ZAF] = j+1AFi for 0 < ) S] < k.

First, an order k£ nc function f is defined up to a selection
of the value of f at some arbitrary point (YO, ..., Y*) €
Qgg) X ... X Qgi) For Z7 € J\/;”"lmj’lxsjm" where j =
0,...,k, f is defined at the “amplified” points (I,,, ®
YO . L, @YF) as

Iy @Y°, . Ly, @ YR)(Z1,..., 2F)

— 0 k 1 k
= > f L YNZ e ZE )

i;=1

i()zl,...,m(), ik:L...,mk

Then, given X7 € Q) and Z7 € N7 "*™ for
j=0,....k

FXO,. . Xk Z, ..., 25

= (I @Y°, .. Iy, @ YF)N(Z, ..., Z5)
k

Y A (I @Y, Ty, @Y7, X7, X
7=0

(Z',..., 29, X7 — I,, @Y7, 2042 . ZF).

It is then shown that this yields an nc function f such that
JAf = Fj, j = 0,...,k, if and only if there exists a
value f(Y°,...,Y¥) which, for appropriately sized matrices

333

To, ..., Ty over R, satisfies

Tof (YO, ..., Y*)(Zt,..., 2"
—f(Y° . YR (T2t 23, 25
=F YO yo vt ... Yk (3)
(ToY° —YOTy, 24, ..., Z%),

FYO YRz 20 2Ty, 20 2R
— (YO YR (2 20 Ty 20z 7R
=Fj(Y°,. .. Yyimlyd yi yitl v 4)
(ZY, ..., 29 ;Y7 - YIiT;, 27+ . Z%),

JYRY(ZY, . 2R 7R
—f(Y°, .. YRy(Z .

= F, (Y%, YF L Yk vh

(ZY,...,Z* T, Y* —Y*Ty,).

foyo ..

k
L

We let

iD(S) = (;Dy(5))

= Fy(Y°,...,YI7L Y Y7 Yt YR (SYT —YiS)
for j = 0,...,k; this is viewed as a k-linear function on
Z', ..., Z"* by setting

Fj(YO,. . . Y=t yd yi yitl v
(SY?J —YIiS)(Z,..., 7%
=F(YY,... YTl yd yd yIatt vk
(ZY,...,Z9,8Y) — YIS, ZI+L .. 7).
It is then shown that for each Fj, j = 0,...,k, there

exists a value £;(Y?, ..., V) that satisfies the corresponding
difference formula, (3), (4), or (5), by using

GDS)T =T (;D(S) +S(;D(T)) - (;D(T)) S

— ,D(ST —TS). (©)

Lastly, utilising the fact that ;AF; = ;1 1AF;, i < j, it
is shown that fo(Y°,...,Y%), ..., fe(Y?, ..., YF) can be
chosen equal to one another so that we have a single value
F(YO ... YF) with which to define the function.

The following is a brief outline of the paper. Section
1 goes through the details of the process of defining an
antiderivative for a first order nc function. In Section 2,
the details for antidifferentiating sets of higher order nc
functions are provided. Finally, Section 3 specializes the
antidifferentiability results in the following three important
cases:

1) The modules have the form R?.

2) The nc functions being antidifferentiated are nc poly-
nomials.

3) R = R or C, and the nc functions considered are
analytic.
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