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Analysis of performance and state-feedback design for MJLS in
polyhedral cones

Ying Chen', Paolo Bolzern?, Patrizio Colaneri?, Yuming Bo! and Baozhu Du!

Abstract— This paper deals with Markov Jump Linear Sys-
tems (MJLS) with the state constrained in a polyhedral cone.
This class of systems can be seen as the generalization of
Positive MJLS (where the cone is the positive orthant of the
state space). First, we provide results on the analysis of some
relevant performance indices, including the expected £; norm
of the impulse response. The problem of state-feedback design
preserving cone-invariance and stability while guaranteeing an
upper bound of such a performance index is also tackled. Two
different solutions are worked out. The first one is based on
nonlinear programming but has the advantage of providing a
full parametrization of all admissible gains. The second solution
is based on linear programming but is more conservative. Some
numerical examples are presented to show the effectiveness of
these design procedures.

Keywords: Cone-invariance; £ performance; Markov
jump linear systems; Polyhedral cones; State-feedback de-
sign

I. INTRODUCTION

Markov jump linear systems (MJLS) describe a class of
dynamic systems randomly jumping among linear subsys-
tems according to a stochastic switching signal generated by
a Markov chain [1]-[3]. MJLS are usually adopted to handle
random events like unexpected faults or changes in actuators,
abrupt environmental disturbances, sudden changes of sys-
tem modes, etc.

Recently, considerable attention has been focused on Pos-
itive MJLS (PMILS), in which the subsystems are positive
systems. By definition, the state variables of positive systems
remain nonnegative whenever initialized in the nonnegative
orthant and driven by nonnegative inputs [4]. Positive sys-
tems arise frequently in economics, biology and sociology
applications. As a peculiar feature, the analysis of stability
and L£; performance measures for positive systems can
be tackled by means of linear programming. The reader
interested in the study of £; performance for deterministic
linear positive systems is referred to [S5]-[8].

Several results on the properties of PMIJLS are reported
in the survey paper [9]. Further recent contributions can
be found in [10]-[14]. A common approach used in these
papers is to construct an equivalent deterministic positive
system describing the average behavior of the state and
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output variables. Then the mean stability of a PMJLS can
be assessed in terms of stability of the deterministic positive
linear system and input-output £ performance measures of
a PMIJLS can be investigated through suitable norms of the
deterministic system.

Positive systems can be regarded as a special case of
cone-invariant systems with the nonnegative orthant being
the positively invariant set. A generalization where the
invariant set is a general proper cone has been recently
considered in some papers, see e.g. [15]-[19]. Such systems
have applications in various fields including rendezvous of
multiple agents [20] and molecular biology [21]. When such
systems are affected by random jumps, it becomes natural
to introduce the class of cone-invariant MJLS. In this paper
we will focus on MJLS in polyhedral cones defined by a
set of linear inequalities in the state space, which apparently
have not been considered before, apart from the related paper
[22] dealing with stability and state-feedback stabilization of
MILS in polyhedral cones.

The main contributions of the present paper include:

1) A characterization of the expected £; norm of the

system impulse response.

2) A state-feedback design procedure aimed at preserving

the cone-invariance property and minimizing the above

L1 norm.
The derivation relies on the study of an equivalent determin-
istic system. The state-feedback design problems are solved
following two different approaches. The first one provides
necessary and sufficient conditions for having a performance
index less than a prescribed value but is based on nonlinear
programming. On the contrary, the second one is based on
linear programming but the conditions are only sufficient, so
leading to conservative results.

The rest of the paper is organized as follows. Section
2 gives basic notations and some necessary definitions and
mathematical preliminaries. Section 3 addresses the perfor-
mance analysis in a deterministic setting. The main results
are given in Section 4. Numerical examples are presented in
Section 5. Section 6 concludes the paper.

II. NOTATIONS AND PRELIMINARIES

In this paper, the symbols R, R™ and R™*" represent the
set of real numbers, the space of n-vectors of real numbers
and the space of n X n matrices with real number entries,
respectively. The symbol N represents the set of positive
integers. S denotes a finite set S := {1,2,..., N}, N € N.
I, is the identity matrix with of dimension n. 1,,, stands for a
column vector of dimension m and each of its entries is equal
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to 1. The symbol e;, denotes the k-th column of the identity
matrix. A7 is the transpose of matrix A. We use <, >
(=%, ) to denote component-wise inequalities. E[-] denotes
the expectation and Pr(-) denotes probability. The symbol
® represents the Kronecker product and (£, () represents
the inner product of vectors £ and (. diag{A;} denotes the
block diagonal matrix obtained by orderly putting A; on the
diagonal. col{¢{;} stands for a column vector obtained by
putting vectors &; orderly stacked in a single column.

The attention of this paper will be focused on systems
described in the following forms:
(a) Continuous-time deterministic linear system

&(t) = Az(t) + Byw(t) + Bu(t)
z(t) = Cx(t) + Dyw(t) + Dul(t)

where z(t) € R"= is the state variable, u(t) € R™ is the
control input, w(t) € R™» is the disturbance input and z(t) €
R™= is the performance output.

(b) Continuous-time MJLS

_#(t) = A(r)a(t) + Bu(rw(t) + B(ry)u(t)
M 2(t) = C(ry)x(t) + Dy (r)w(t) + D(ry)u(t)

where z(t) € R" is the state variable, u(t) € R™ is the
control input, w(t) € R™ is the deterministic disturbance
input, z(t) € R™= is the performance output. The signal
r¢ represents the jumping process, which is a homogeneous
finite state Markov process with right continuous trajectories
and takes values in the set S. The jumping process is
characterized by the transition probability

1+ XA +0(A), j=i

where A > O,hmAHo(O(A)/A) = 0,)\1‘3‘ > 0(2,] S
N

S,j 7é Z), and )\” Z A” We
J=1.3#i

fine the probability distribution at time ¢ being (¢ ) :

(= ()1 r(t)n]", where [x(t)]; = Pr(r, =

Given an initial probability distribution 7y, the probability

distribution 7(¢) obeys the differential equation

()T = 7w(t)TA,

P"(Tt+Aj|Tti){

further de-

)
t

where A denotes the transition rates matrix with A;; being its
(i, j)th entry. We will assume that A is an irreducible matrix
(see [2]), so that a unique stationary probability distribution
T exists.

In this paper, we assume that the initial probability dis-
tribution 7y coincides with © = lim; o, 7(t). Moreover,
the symbols A;, By, B, C;, Dyi, D; are used to denote the
system matrices of the ith mode.

Definition 1: [23], [24]. Consider a set K C R"?, K¢
denotes the set consisting of all finite nonnegative linear
combinations of the elements of K; K is said to be a cone
if I = K%; K is said to be convex if a&; + (1 — )& € K
for any points &1,& € K and a € [0,1]; to be a closed
set if every limit point of C is a point of K; to be solid
if its interior Int(XC) is not an empty set; and to be pointed
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if XN {—=K} ={0}. A cone which is closed, convex, solid
and pointed is called a proper cone. The dual of K is defined
as the set £* = {¢ € R™ : ((,§) > 0 for all £ € K}. In
addition, &5 =i & indicates & — & € K, and & < &
means & — & € Int(K).

Definition 2: A polyhedral cone P[F] (referred to as P)
with FF € R™*", is defined by P = {{ € R" : F¢ = 0},
in which P \ {0} # 0 and rank(F) = n. F is called the
constraint-matrix (c-matrix) of P.

Definition 3: A nonzero vector v lying in a polyhedral
cone P C R” is called an extreme ray if there are n — 1
linearly independent constraints binding on v. Denote by V,
and call it e-matrix of P, the n x m matrix whose columns
are the extreme rays of P.

Any vector in the cone P can be expressed as a nonneg-
ative linear combination of its extreme rays, namely & € P
if and only if £ = Vp,p = 0.

Definition 4: A square matrix A € R™*"™ is cross-positive
on a polyhedral cone P if for any £ € P, ( € P* with
(£,€) =0, one has ((, A) > 0. A is called P-nonnegative
if AP CP.

Hereafter, we will assume that the variables x(t), w(t),
z(t) of systems and =), are restricted in polyhedral
cones, that will referred to as P,, P, P. respectively. With
reference to P, P, P., given matrices F, € R™M=X"e,
F, € Rmwvxnw EF ¢ R™=*": will denote their c-matrices,
and V, € R« V1, ¢ RMwXMw T ¢ R"=X"= will
denote the corresponding e-matrices.

Definition 5: [19] Given Py, P, P,, system = (or =,7)
is said to be cone-invariant with respect to (P, Py, P.) if
for any w(t) € P, and any initial state zy € ’PI, we have
z(t) € P, and 2(t) € P,. In particular, system = (or =) is
said to be cone-invariant with respect to P, if for any initial
state g € P, and null input, we have x(t) € P,,t > 0.

Definition 6: A given MILS =j,; is mean stable if
E[z(t)] — 0 as t — oo, for any initial state z.

Remark 1: If system Z,; is cone-invariant with re-
spect to (P, Pz, P.), mean stability implies that all the
state trajectories converge to the origin almost surely, i.e.,
Pr(lim; o 2(t) = 0) = 1. Note that this kind of stability,
which is peculiar to cone-invariant systems, can be applied
to positive systems as well since the nonnegative orthant can
be viewed as a special proper cone. The related results can
be found in [12].

Lemma 1: [19] Given P,, suppose A € R™"=*"= ig Hur-
witz and cross-positive on P, then —A~1 is PP, -nonnegative.

Lemma 2: [19] Given P, P, P, the open-loop system
E is cone-invariant with respect to (Py,, P, P.) if and only
if A is cross-positive on P, By,Py C P, CP, C P, and
DyPy € P..

Lemma 3: [19] [25] Given P, P.,P., the open-loop
system Z is cone-invariant with respect to (P, Ps, P.) if
and only if there exist a Metzler matrix A, nonnegative
matrices Bw7 C’ Dw such that F,A = AF,, I.B,
ByF,,F.C = CF,,F.D,, = DyF,.

[22] A € R"=X"= {g cross-positive on P, if

—
—

Lemma 4:
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and only if there exists a nonnegative scalar « such that

F.(A+al,, )V, = 0.

Lemma 5: [17]. Given P, suppose that A is cross-
positive on P,, then system 4(t) = Ax(t) is Hurwitz stable
if and only if there exists a vector s >p_ 0, such that
As <P, 0.

Lemma 6: [22] Given 7%, suppose that A;,7 € S are
cross-positive on P,, then A = AT @ I, + diag{4;} is
cross-positive on PN .

III. PERFORMANCE MEASURES IN £; FOR
DETERMINISTIC SYSTEMS

In order to analyze the mean properties of a cone-invariant
MILS, it is convenient to transform it into an equivalent
deterministic system. For this reason, in this section, we first
study a £; performance index associated with the impulse
response of deterministic systems. A state-feedback con-
troller ensuring stability, cone-invariance and upper bounded
performance is designed afterwards.

We consider system = with a zero initial state and w(t) =
d(t)er,k = 1,2,...,ny, Py = R}™ (the nonnegative or-
thant of R™), where §(¢) denotes the Dirac unit impulse. Let
2[Fl(t) be the associated response and define the performance
as

Nw

J = Z/ o 28 (¢

where 7, € P}.

First, we characterize the index J; for an open-loop
system, i.e. with u(t) = 0.

Proposition 1: Given P,, P, and system = with zq
0,u(t) = 0, assume that system = is stable and cone-
invariant with respect to (R, P,,P.). Then the perfor-
mance index (1) can be computed as

Ji = -—nlCA By, + 1l Dyl,, .

(D

2)

Moreover, given a scalar v > 0, J; < « if and only if
there exists a vector s >p_ 0 such that

As + Byl,, <p, 0, (3a)

02 (Cs + Duln,) <. (3b)
Proof: The performance index (1) can be expressed as
(2) by observing that

2[¥] (t) = Ce ' Byer, + Derd(t),

/ () dt =
0

in view of Hurwitz stability of matrix A.

Next, it can be shown that condition (3) is sufficient and
necessary for having J; < 7.

Sufficiency. From (2) and (3b),

Ji=-nlCA'By1,, +n! Dyl,,
< -—n'CA'B,1,, +v—n'Cs
=5 —nICA Y (Byl,, + As)
=71 C( )(_Bwlnw — As).

and
(*CAile + Dw)ek7
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Notice that C(—A~1)(—=By1,, — As) =p. 0 from (3a) due
to the fact that —A~! is P,-nonnegative and CP, C P,.
It follows that n7'C(—A~1)(=B,1,, — As) > 0. Hence
J1 <.

Necessity. Suppose J; < ~. Choose s -1+
€)A7'By1,,, with a sufficiently small € > 0 such that

nZT(Cs—&—D 1.,)
—n'CA By, +nfDy,1,, —
=Ji —enf CA™'B,1,, <.

enTCA ' By,

By considering that —A~! is P,-nonnegative, s =p, 0
holds. Finally

As + Byl,, = —eByl,, <p. 0.

Hence (3) is verified. |

Remark 2: Note that condition (3) is made up of linear
inequalities and can be checked through standard linear
programming tools.

In the following, two algorithms are provided to design a
state-feedback gain K such that, with u(t) = Kz(t),

(i) the closed-loop system is stable and cone-invariant with
respect to (R, Py, Py).
(i) Jy <~y for a given v > 0.

Theorem 1 (Nonlinear programming): Given P.,P,, a
scalar v > 0 and system with g = 0, assume that
the open-loop system = is cone-invariant with respect to
(R}, P, P.). Then a state-feedback gain K ensuring (i)
and (ii) exists if and only if there exist a strictly positive
diagonal matrix S € R™=*"= and a matrix H € R"=*"=
satisfying

—_

—

—_
=

F,.(AV,S+ BH)1,,, + F,By,1,, <0, (4a)
F,.(AV,S + BH + aV,S) = 0, (4b)
F.(CV,S+ DH) = 0, (4c)
N2 (CVyS+ DH)ly, + 0! Dyly, <7,  (4d)

for some nonnegative scalar «, and such that
H=KV,S ®)

admits a feasible solution K. Such a solution provides an
admissible state feedback gain K.

Proof: Sufficiency. Let S >~ 0 diagonal and H satisfy
the constraint (4), K be such that (5) holds, and s =
VzS1,,, >=p, 0. Then

F,(A+ BK)s + F,By1,, <0, (62)
F.(A+ BK +al,,)V,S = 0, (6b)
F.(C + DK)V,S =0, (6¢)

nI[(C4+ DK)s+ Dyl,,] < 7. (6d)

According to Lemma 4 and (6b), A+ BK is cross-positive on
P.. And (6¢) indicates that (C'+ DK)P, C P,. Moreover,
the cone-invariance of the open-loop system = guarantees
that B,,1,,, € P,. Then from (6a), one can obtain that

(A + BK)S <P, —Bwlnw =P, 0,
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which implies that A + BK is Hurwitz, see Lemma 5. Thus
J1 < ~ by applying Proposition 1 and taking into account
(6d).

Necessity. Let K be such that (i) and (ii) are satisfied.
Then, in view of Lemmas 2, 4 and Proposition 1, there exists
a vector s =p_ 0 such that

(A+ BK)s + Byl,, <p, 0,
F,(A+ BK +al, )V, = 0,
F.(C+ DK)V, = 0,

N [(C+ DK)s + Dyl,,] <

Since s >p, 0, it can be written as s = V51, with
S diagonal and strictly positive. By letting H = K'V,.S, the

proof is concluded. u
Theorem 2 (Linear programming): Given P, ,P,, a
scalar v > 0 and system = with o = 0, assume that

the open-loop system is cone-invariant with respect to
(R, Py, P.). A state-feedback gain K ensuring (i) and
(ii) exists if there exist a strictly positive diagonal matrix
S € R™M=*M= and a matrix H € R™"*™= satisfying

(AS 4 F,BH)1,,, + F,B,1,, <0, (7a)
AS+ F,BH + a8 = 0, (7b)

CS+ F,DH = 0, (7¢)

i1 (C S + F.DH)1,,, + il F.Dy1,, <7, (7d)

for some nonnegative scalar o, where the matrix A is Metzler
and such that F,A = AF,, matrix C and vector 7). are
nonnegative and such that F.C = CF, and n, = FZT M-
An admissible state-feedback gain K is then obtained from
K=HS'F,.

Proof: Define Z(t) = F,z(t), 2(t) = F,z(t) and
consider the system

i(t) = Ai(t) + FyBu(t) + FyByw(t)
(t) = Ci(t) + F.Du(t) + F.Dyw(t)

[

Denote by z¥l(t) the associated impulse response. It follows
that 21 (t) = F,2/¥I(t). Then

By letting IN( — H S~ be the state-feedback gain of system
=, condition (7) is equivalent to
(A+ FuBK)S1,,, + FyByl,, <0,
(A+ F,BK + al,,,)S = 0,
(C + F.DK)S = 0,
7L (C + F.DK)S1,,, + 7L F.Dy1,, <,

which indicates that A + FIBI?N is Metzler and Hurwitz.
Notice that K = KF,. Then A + F,BK being Metzler
and Hurwitz implies A + BK being cross-positive and
Hurwitz. Moreover, F,(C + DK) = (C + F,DK)F, and

C + FZDIN( > 0, so that the closed-loop system is cone-
invariant with respect to (R’\*,P,,P.). Finally, J; < v
follows immediately from the last inequality. [ ]

Remark 3: Note that due to the cone-invariance of the
open-loop system = and 7, € P}, A, C' and 7, must exist
and are usually not unique. Linear programming tools are
efficient in computing them.

Remark 4: 1t is remarkable that the results on the impulse
response expressed by Proposition 1 and Theorems 1 and 2
can be also used to analyze the free response performance
index

Jy(zo) = / T (tydr,

where 7, € Pk, xo € P, is an arbitrary initial state and
disturbance w(t) = 0.

Indeed, the statements regarding J;(zo) can be derived
straightforwardly from those of Proposition 1 and Theorems
1 and 2 by letting n,, =1, C =1, , D, = D = 0 and
replacing the following symbols: B,, = zg, 1, = 0z, F. =
F,.

IV. MEAN PERFORMANCE IN £; FOR MJLS

In this section, we extend the results obtained for a
deterministic system = to a cone-invariant MJLS Z,,; by
introducing an equivalent average deterministic system in the
following form:

fj
e,

= AX(t
= CX(1)

v

+ Byw(t)
+ Dyw(t)
where

x;i(t) = E [z(t)Zy,=i] »

X(t) = col{x;(t)}, X(0) = 7 ® o,

By [y
p T . - Bu2[T]2
A=A ®1I,, +diag{A;}, B, = - (8)
Byn[T]n
R R N
C = [Cl Cy ... CN], D, = ZDwi[ﬁ-]ia
i=1

The symbol Z¢ stands for the Dirac measure of the event
& (see [2]), and all expectations are taken with respect to
the stationary distribution 7. System = describes the time
evolution of the expected output when the disturbance is
deterministic. Further discussion on this system can be found
in [12] and [22].

According to Lemma 6, A is cross- positive on P if and
only if A; is cross-positive on 7. Moreover, B,P, C PN,
CPYN C P., DyP, C P. if and only if ByPy, C Pa,
CP, C P, DyPy C P,. Thus systems =); and éM are
equivalent in regard to mean stability and cone-invariance.

Consider system Z=,; with a zero initial state and let
w(t) = é(t)ex,k = 1,2,...,ny, P, = R}™. Denote the
associated response with z¥(¢), and define the expected
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performance index as

N

D

k=1

Jie=E (€))

| aretie]
0
where 7, € P}.

First we characterize the index J;g for an open-loop
system, i.e. with u(t) = 0.

Proposition 2: Given P,, P, and MILS =,; with x¢g =
0, u(t) 0, assume that =, is mean stable and cone-
invariant with respect to (R, P,,P.). Then the perfor-
mance index (9) can be computed as

JlE = —nZéAA_lgwlnw + nszlnuﬂ

where A, B,,, C' and D,, are defined in (8).
Moreover, given a scalar v > 0, J1g < < if and only if
there exist vectors s; >=p, 0,7 € S such that

(10)

N
A;s; + Z)\jiSj + Bm—[fr]ilnw <P, 0, (11a)
j=1
N
> 0L (Cisi + Duilliln,) < 7. (11b)
=1

Proof: By considering the equivalent system Zas, (10)
holds according to Proposition 1.
Moreover, Jig < « if and only if there exists a vector
s >pn~ 0 such that

AS + Bwlnw '<'pi\! 0,
nZT(C's + ﬁwlnw) <A.

The proof can be concluded by letting s = col{s;} with
s; =p, 0 for each 7 € S. ]

Note that condition (11) is expressed as linear inequalities
and can be checked through standard linear programming
tools.

In the following, two algorithms are provided to design
state-feedback gains K; such that, with u(t) = K;x(¢),

(i) the closed-loop system Zj; is mean stable and cone-

invariant with respect to (R, P,,P.).
(i) J1g < 7y for a given v > 0.

The proofs are similar to those of Theorems 1 and 2 and
are therefore omitted.

Theorem 3 (Nonlinear programming): Given P,,P., a
scalar v > 0 and MIJLS =,; with z( 0, assume
that the open-loop system is cone-invariant with respect to
(R, Py, P.). State-feedback gains K; ensuring (i) and (ii)
exist if and only if there exist strictly positive diagonal
matrices S; € R™=*™= and matrices H; € R"«*™= § € §
satisfying

N

Fo(AiVeSi+BiHi+ Y XjiVaSi)lm, + Fr Bui[liln,, <0,
j=1

Fo(AiVeS; + BiH; + oV, S;)

Fz(CngCSi + DiHi)

=0,
= 0,

N
> 0L [(CiVaSi + DiHi)ly, + Dyilliln,] < 7,
=1
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for some nonnegative scalar «, and such that, for each i € S,
H;, = K;V,S;

admit feasible solutions K;,7 € S. Such solutions provide
admissible state-feedback gains K;,i € S.

Theorem 4 (Linear programming): Given P,,P,, a
scalar v > 0 and MILS Z=j; with g = 0, assume that
the open-loop system is cone-invariant with respect to
(R}, Py, P.). State-feedback gains K; ensuring (i) and
(ii) exist if there exist strictly positive diagonal matrices
S; € R™m=*"= and matrices H; € R™*™= 4 € S such that

N

(4; gi"’FxBifIi‘FZ XjiSj ), + FuByi[7il,, <0,
=1

A; S; + F,B;H; + aS; = 0,

C;S; + F.D;H; = 0,

N
Z ﬁZ[(Ol Si + FzDiHi)lmm + FzD'wz' [ﬁ]ilnw} <,
=1

for some nonnegative scalar a, where matrNices ﬁl are
Metzler and such that F;; A; = A; F,, matrices C; and vector
7], are nonnegative and such that F,C; = C;F,, n, = i, FL.
Admissible state feedback gains K; are then obtained from
K;=H;S;'F,.

Remark 5: The performance analysis results on impulse
response of MJLS can be also used to analyze the free
response performance index

Jig(rg) = F [/OOO n{x(t)dt] :

where 1, € P, xo € P, is an arbitrary initial state and the
disturbance w(t) = 0, by letting n,, = 1, C; = I,,,, Dy =
D, = 0 and replacing the following symbols in Proposition
2 and Theorems 3 and 4:

Byi =m0, Nz =Nz, F. = Fy.

Remark 6: In this paper, the state-feedback design prob-
lem is solved by two methods. The first one gives a full
parameterization of all admissible gains but is a nonlinear
programming problem. While the second one is expressed
in the form of linear programming, possessing a numerical
advantage, but is more conservative.

Remark 7: 1t is worth emphasizing that if the c-matrix
F, is square and invertible (equivalently, V. is square and
invertible), the nonlinear constraints in Theorems 1 and 3
are always satisfied and the two algorithms (nonlinear one
and linear one) will be equivalent. In particular, if F, =
I, ,F. =1, then P, = R}*, P, = R'*, thus leading to
the results obtained in this paper applicable to PMILS (see
e.g. [12]); in other words, the proposed results can be viewed
as a generalized form of those valid for PMIJLS.
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V. NUMERICAL EXAMPLES

In this section, we consider polyhedral cones P, P, P,
with the following parameters:

[EE e
e i )

and P, ]Ri. In the following two subsections, the
state-feedback controllers for deterministic system and
MILS =, will be designed by using nonlinear programming
and linear programming. The Matlab function “fmincon”
and “linprog” are used to solve the nonlinear optimization

problem and linear optimization problem, respectively.

—
—

A. Deterministic system

Consider a system = described by:

-0.7 0.2 0.1 0.3 0.4
A=|03 —08 o0 |.B=|01 -05|,
-0.1 04 -0.9 -0.2 0.7
1.2 1.3
B,= |07 o01|.c= [é; e —0623}’
01 —05 3 =05 0.
0.5 0.2 1 0.2
b= [0.2 0.1} » Dw = [0.1 0.1] '

Example 1 (Impulse response): Consider a zero initial
state and 77, = [3 1] for system = with impulse disturbance.
Our aim is to design a state-feedback controller u(t) =
Kx(t) such that the closed-loop system = is stable, cone-
invariant with respect to (R%,P,,P.) and the performance
J1 is minimized. In order to minimize J;, we minimize its
upper bound ~ instead. Table I gives the optimization results
regarding two methods.

Example 2 (Free response): Consider a given initial state
o = [24 17,7, = [2 3 2]T, and assume the disturbance
w(t) = 0. Recalling Remark 4 and replacing the related
symbols in Theorems 1 and 2, a state-feedback controller
u(t) = Kz(t) can be designed such that the closed-loop
system = is stable, cone-invariant with respect to P, and
the free response performance .Jj(zo) is minimized. The
optimization results are given in Table I.

It can be concluded that, in both cases, the nonlinear
programming method provided a better performance index
than the linear programming method.

B. MJLS

In this subsection, we consider a two-mode MILS =,,
with the following parameters:
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mode 1:
[—0.7 0.2 0.1 1.2 1.3
A =103 -08 0 ,Bw1 =1 0.7 0.1 |,
|—-0.1 04 -09 —-0.1 —-0.5
(0.3
1.7 1.5 0.2
Bl = (0.1 ,Cl = |: :| )
0.2 0.3 —-0.5 -0.3
1 02 [0.5
Do = {0.1 0.1] D1 = _0.2} ’
mode 2:
[—0.8 0.3 0.1] 1 1.3
Ay, =103 =05 0 ]|,By=10.7 0.5 |,
|—0.3 05 —1] —-0.1 —-0.6
[0.3
1.5 1.5 0.2
B2 = 03 702 = |: :| 9
0.2 0.3 —-0.8 -0.3
0.5 0.6 0.4
Duz = {0.2 0.1] D2 = [0.3} '
.. .. -2 2
The transition rate matrix is A = 9 _9|"
Example 3 (Impulse response): Consider system =,

with a zero initial state and 1, = [4 1]7. A state-feedback
controller u(t) = K;xz(t) is designed by using nonlinear
and linear programming so that the closed-loop system is
mean stable, cone-invariant with respect to (Ri,Pw,PZ)
and the upper bound of Jig, i.e. v, is minimized. Table II
gives the optimization results by using nonlinear and linear
algorithms.

Example 4 (Free response): Consider an initial state
2o = [2 3 1]T, n, = [2 3 2]T for system Zj; and assume
that w(t) = 0. Recalling Remark 5 and replacing the related
symbols in Theorems 3 and 4, we can design a state-feedback
controller u(t) = K;x(t) such that the closed-loop system is
mean stable, cone-invariant with respect to P, and the upper
bound of performance J1g(xp) is minimized. Table II gives
the optimization results.

For the optimal solutions J; g (xo) and J; g obtained by two
different methods, it is apparent that nonlinear programming
provided a more desirable solution than linear programming.

VI. CONCLUSION

In this paper we have analyzed the £; performance
measures of the impulse response for MJLS with cone-
invariance. A necessary and sufficient condition to char-
acterize the performance index for deterministic systems
is worked out first, and then extended to MJLS by con-
structing an equivalent deterministic system. Two viable
methods (nonlinear programming and linear programming)
in designing a state-feedback controller are derived to ensure
the cone-invariance, mean stability and performance being
upper bounded for the closed-loop MJLS. Both of them have
advantages and disadvantages: the nonlinear one provides a
full parametrization of all admissible gains and a preferable
performance index while the linear one possesses a numerical
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TABLE I
OPTIMIZATION RESULTS WITH FREE RESPONSE AND IMPULSE RESPONSE FOR DETERMINISTIC SYSTEM

Nonlinear programming Linear programming
Solver fmincon linprog
K —2.4498 —0.1127 —0.3873 —0.6974 —0.6974  0.1974
Impulse response —0.5327  0.3452  —0.7202 0.0230 0.0230  —0.3980
Ymin 11.0235 20.5065
Ji 11.0235 20.5065
K 5.2708  —7.8333  7.3333 —0.6974 —0.6974 0.1974
Free response —5.5625  5.3750  —5.7500 0.0230 0.0230  —0.3980
Ymin 27.2654 29.7578
J1(zo) 27.2654 29.7578
TABLE I

OPTIMIZATION RESULTS WITH FREE RESPONSE AND IMPULSE RESPONSE FOR MJLS

Nonlinear programming Linear programming
Solver fmincon linprog
K [—1.75 1.25 —1.25] [—0.1667 — 0.1667 0.1667]
Impulse response K> [—0.2917 —0.8333 —0.1667] | [-0.5625 — 0.5625 — 0.4375]
Ymin 31.6859 35.7489
JiE 31.6856 34.1768
Ky [-0.3334 —0.1666 0.1666] [—0.1667 — 0.1667 0.1667]
Free response K> [-0.2917 —0.8333 —0.1667] | [-0.5625 — 0.5625 — 0.4375]
Ymin 29.8578 30.6610
J1E(x0) 29.8577 30.6610
advantage but is more conservative. In perspective, further [9] P. Bolzern and P. Colaneri, “Positive Markov jump linear systems,”

investigation on L..-induced norm is foreseen.
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