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Asymptotic Stability of a Class of Nonlinear Systems Admitting
Homogeneity with Strictly Decreasing Degrees

Jiandong Zhu'! and Chunjiang Qian?

Abstract— Asymptotic stability is investigated for a class
of inherently nonlinear systems admitting homogeneity with
strictly decreasing degrees (HSDD). By using the technique of
homogeneous domination and the concept of HSDD, a concrete
Lyapunov/Chetaev function is constructively obtained. Then, by
Lyapunov Stability Theorem and Chetaev Instability Theorem,
a necessary and sufficient condition for the asymptotic stability
is proposed. Finally, simulations are given to validate the
theoretical result.

I. INTRODUCTION

Asymptotic stability is one of the most important issues
in nonlinear system theory, which is usually a basic require-
ment for mechanical systems in engineering practice. There
are many methods for stability analysis such as Lyapunov
first method, Lyapunov second method [1], center manifold
theorem [2], [3], small gain theorem [4] and homogenous
approximation [5]. Lyapunov first method shows that when
the linearized system of a nonlinear system has no poles at
the origin, the asymptotic stability of the nonlinear system
is exactly determined by its linearization. If the linearized
system has a pole at the origin, we usually call the nonlinear
system as an inherently nonlinear system. The asymptotic
stability problem of inherently nonlinear systems is more
challenging. Lyapunov second method is a powerful tool to
analyze asymptotic stability of inherently nonlinear systems.
But, generally speaking, it is usually difficult to design a
suitable Lyapunov function. For homogeneous systems, it
is well-known that an asymptotically stable homogeneous
system admits a homogeneous Lyapunov function. A natural
idea is to generalize the concept of homogeneity and apply
the generalized homogeneity to the stability analysis of a
class of nonlinear systems. Actually, in [6]-[10], the concept
homogeneity with monotone degrees (HMD) is proposed and
has been successfully applied to the design of stabilizing con-
trollers for inherently nonlinear systems. Note that even if a
nonlinear system admits HMD, it may be not homogeneous.
So it is interesting to analyze the asymptotic stability for an
inherently nonlinear system with HMD.

Using the idea of HMD, in our recent paper [11], we have
proved the asymptotic stability of a kind of power integral
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systems controlled by linear feedback in the form as follows:

s P ;o
T =iy, =12, ,n-1,
&y = (k121 — kazg — -+ — kpwp)Pn,

ey

where p/s are ratios of positive odd integers satisfying
p1 >p2 > - >p, > 1 and the feedback gains k;’s are
positive. Actually, system (1) has the homogeneity with
strictly decreasing degrees (HSDD) [p1—1,p2—1, -+, pp—1]
according to the dilation weights [1,1,---,1]. Motivated by
the main result of [11], we try to consider the case of
the general dilation weights [r1,72,---,7,]. How to design
stabilizing controller for a power integral chain system with-
out the monotone condition on the powers is an interesting
problem. For example, consider the nonlinear control system
as follows:

:tl = T2,

. 9/7

iy =ay", )
{ﬁg =Uu.

It is easy to check that system (2) is an inherently nonlinear
system for any feedback control. Under a linear feedback
control, the monotone condition on the powers in [11] does
not hold. To solve the stabilization problem of system (2),
a natural idea is to design a feedback control law such that
the closed-loop system has a HSDD according to a general
dilation r = [ry,79,- -, 7,] and replace the monotone con-
dition on the powers by the monotonicity of homogeneous
degrees.

Power integral systems with the form (2) are special p-
normal control systems [12], [13]. Many nonlinear control
systems can be equivalently transformed into the p-normal
form. For many p-normal control systems, stabilization prob-
lem has been widely investigated [14]-[17].

In this paper, for a class of power integral chain systems
under a kind of nonlinear feedback, a necessary and sufficient
condition for the asymptotic stability is obtained. Homogene-
ity with strictly decreasing degrees plays an important role
in the construction of the Lyapunov/Chetaev function.

II. PRELIMINARIES

This section presents some fundamental theorem and some
useful inequalities which will play important roles in obtain-
ing the main results of this paper.

Theorem 1: (Lyapunov Stability Theorem) [1], [3] Con-
sider a nonlinear system

&= f(z), zeR", (€)
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where f(z) is Lipschitz continuous with respect to x, f(0)
0. If there exists a locally positive definite function V'(
such that

oV (z)

A (z) “

is locally negative definite, then system (3) is asymptotically
stable.

Theorem 2: (Chetaev Instability Theorem [18]) If there
exists a continuously differentiable function V' (x) such that
(i) the origin is a boundary point of the set G = {z €
R™ | V(z) > 0}; (ii) there exists a neighborhood U of the
2 =0 such that V(z) >0 V2 € UNG, then z = 0 is an
unstable equilibrium point of the system.

Lemma 1: (Jensen’s inequality) [19] For p > 1 and x; €
R,i=1,---,n, the following holds

)

Vi(z):=

o1 two - Faal” <o (o] w4 A zal”). (5)
Lemma 2: [14] For p > 1 which is a ratio of positive
odd integers, the following holds

z(x + a)? > 27 PPt 4 xaP, V2, a € R
Lemma 3: [6] Let ¢ and d be positive constants. Given
any number v > 0, the following inequality holds

[ellyl? < —lel* b B Y g, y € R

Definition 1: [7] A continuous vector field v : R™ —
R™ with v = [v,-++,v,]" is said to satisfy homogeneity
with monotone degrees (HMD), if we can find positive real
numbers (rq,---,7,) and real numbers 71 > 79 > -+ > 7,
such that

L€ ay) = €Ty () (©)

for all x € R", e > 0 and i = 1,2,---,n. The constants
r;’s and 7;’s are called homogeneous weights and degrees,
respectively.

vi(€May, -

I11.

Consider the nonlinear control system composed of the
chain of power integrals as follows:

MAIN RESULTS

. pz M

Ty 7,+17 2*172a"'an_1a (7)
y — Sn

Tn = um,

where p;’s and s,, are ratios of positive odd integers. Here,
we do not impose a monotonicity assumption on the powers
of (7). In order to generalize the main result of [11], we
define a special HMD:

Definition 2: A continuous vector field v : R®* — R"
with v = [v1,- -, v,]T is said to satisfy homogeneity with
strictly decreasing degrees (HSDD), if it has HMD defined
in Definition 1 and the homogeneous degrees satisfy

T > Ty > " > Tp.

We design the controller v = f,,(x1, -
is defined recursively by

fl(ﬂ?l) = k121,

Jivi(z1, -, 2ig1)

,Zn), Where fy,

®)
&)

37',/87‘,
=7+ ki
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foreacht=1,2,---,n—1.
We are interested in the stability analysis of the closed-
loop system:

. P .
T; Ty, =12, ,n—1, 10
Tn = _(fn(mla T2, 733”))3”. (10)

Assumption 1: Nonlinear system (10) admits homogene-
ity with strictly decreasing degrees 71 > 19 > --- > 7, with
respect to the positive dilation weights (rq, 72, ---,ry,), that
is, Eq. (6) holds for all z € R™, e >0 and i =1,2,---,n
which is equivalent to

Tiv1Di =Ti +15, =12 n—1, (11
7181 =T9S9 = ++* =TpSp = Tn + Tn. (12)
Lemma 4: Let 71, ro, -+, rs and ny, na, -+, ng(s > 2)

be any given positive constants. For any € > 0, there exists
a positive number A such that

14 Hners

i o g

JPe<elz

+ s
+AZ|:¢1| T 13)

for all xq, x9, -+, s € K.
Proof: (Mathematical Induction) As s :~2, by Lemma 3,
we have that, for any € > 0, there exists A > 0 such that

o1 2o |2 = (Jaa| 7T ) (|a] 72 )2
riny+rong

71,L1+72n2

< el + Al (14)

Suppose that Lemma 4 holds for the case of s, i.e. assume
that (13) holds. In the rest of this proof, we consider the case
of s+1. By (13), we have that

|n1. Ms41

m
. .|xg s

—I—AZ|$1|

By Lemma 3, for each 1 2 1, there exists B; > 0 such
that

|71

nyry - Angrs
r1

11++m<

< €|z Nzsa "+ (15)

nyry o ngrs

|z e

Tst1
niridengre

< g + Bilwgy1] (16)
Applying (16) to (15) yields that there exists A such that

it gamep
Ts41

|n1, Ms41

E T N e Y

s+1

AZ|5CZ|

it +n§+1y§+1 it +'n b_Hrﬁl

<ele (17)
|
Proposition 1: Suppose nonlinear system (10) satisfies

Assumption 1, s1 > s9 > -+ > s, > 1 and k; # 0. Then,

by a diffeomorphism transformation, (10) is equivalent to the

equations as follows:

é1= —kpll (e2—e® )Pt =: gi1(e1,e2)

2
.k S, Sl -l
éi=—-len—e; " Pi+——e gialer,-e)  (18)

i+ i

:.gi(elv ' eerl) 1= 273a"'an_]-a
Sn
1 =1
= _k eSn +—€ —1 gnfl(elv' : '7671)'
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Proof: Construct a nonlinear transformation
ezzfi(x17"'7xi)7 i:1527"'7n (19)

where each f; is defined by (8) and (9). It is easy to check
that the inverse mapping of (19) is

e ,n. (20)

Since s1 > s9 > --- > s, > 1, both the transformation (19)
and its inverse mapping (20) are smooth, which implies that
the transformation described by (19) is a diffeomorphism.
A straightforward computation shows that system (10) is
equivalently transformed into (18). [ ]

Lemma 5: Under Assumption 1, each function defined
by the right hand side of (18) satisfies

¢ i Tt
)| SCi(Q ) lejl ™ +len

k=1j=k

Si—1/8i
i—1

1 — .
x1=ky e, x; =Kk; ), 1=2,---

Tt
),

|gi(61;"'; (21)

where each C; is a constant dependent on g;.
Proof: (Mathematical Induction) For the case of i = 1,
from (5) it follows that

lg1(e1,e2)] < Ci(ler

= Ci(jer| ),

where C; is dependent on g;. Suppose that the lemma holds
for the case of i, i.e. (21) holds. In the following, let us
estimate |g;+1|. From (18), Lemma 1 and Assumption 1, it
follows that there exists a constant A > 0 such that

S1P1
P +|62|p1)
s lea| T2

(22)

ke Sy S
|gi1] = |y @ el PPt e g
ki Sitl

Sl Pitl ) S q
< Aesn] " +lesal™+ |l |gi|)

T 1t Tt
= Ajesnl” ™ Hlewd

“Hail). (23)

By the induction assumption, applying (21) to (23), we have
that

Tipl Tk Tirl i
|gi+1] < A(Ieml otega| )
A S e P e P e 9
k=1 j=k

Using Lemma 4 to the last term of (24), we obtain that there
exists B >0 such that

(leg ™ +|@+1 & )Iezl
T Tt 1
< Bllef ™ +le) T le)Tm ). (29)

From (24) and (25), it follows the conclusion of the case of
i+1. So, by Mathematical Induction, the proof is complete.
|
Theorem 3: Suppose nonlinear system (10) satisfies As-
sumption 1, s1 > s9 > - > s, > 1 and k; # 0. Then

system (10) is asymptotically stable if and only if k; > 0.
Proof: Construct the following Lyapunov/Chetaev func-

tion

(26)
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where

li = —kPi k!

i+1 ,i=1,2,---,n

—1, I, =-k' @7

and every o; > 1 is a ratio of an even integer and an odd
integer satisfying
— Tl

Y

i1

14 .
—al<am<—az+ i=1,2,--

Tit1 Tit1

,n—1. (28)
Since 7; > 7;41 for all i, given «; one can successively
determine o, as, ---, a, by (28). The derivative of (26)
along (18) can be easily computed as

n—1 s
V: Z e?i—l(e;i+l _eH_l)pi _‘_egn—1+sn
i=1
" ;s 2l
Sic1 a1 Sl
+Z z; Sel gima(en,eie). (29)
=2
From (29), Lemma 2 and Assumption 1, it follows that
Q] LB
>22Pple Sif1 Z|ea7 165;1-1 _’_eg?rlJrsn
L; iSi—1 71 -1
_Z les™ ™ e 1y g',1(61,~-~,ei)|
_ 1-pi i n a;—1 ePi
_22 Pile;|Mit |en| Z|e el
1iSia | a1 mg—L
—Z et el gialer, - e, (30)
where
SiPi Ti+ Q;7;
pi =o;—l4+—=—"—"—, i=1,2,---,;n—1,
Si+1 T
and
Tn+ann
fi = 145, = 2Ol
Tn

By (30) and Lemma 4, for any € >0, there is A such that

il p it TPy _ ﬂa‘,"'rf'i+7a:+1p7z
|ez ‘ z;l' < E|ei| i +A|ei+1| Tl
Titoir; _ Titoyry
=e¢lel + Alein|
=cleg[" + Alej [Fit, 31
where
. T+ QT Tl T QT
flig1 = v (] > - H1THL Lin
Tit1 Ti+1

due to 7; > 7,41 and (28). Moreover, by Lemma 5, we have

|6 |gz 1|
i—1 i—1 1y
<Gy ZleﬂflleH”* el 7+l =) (32)
k=1 j=k
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Now, let us estimate the terms of the right-hand side of (32).
As k=1i—1, we have that j=¢—1 and

i q Trtrie1
el e[l
Tt
— |ei (yi_1|ei71 Ti1
i1t N Ti—1t i
< eleia| o+ Ale[ (33)
where
Ti1t QT Tt Q1T
= = Mi-1
i1 i1
and
Ti1 T T o
> = ;.
Ti Ti
As k<i—1, we have that
4 Trtri—l
_ i
lei* e [ lef T
TRt ar Ttar; Tt oy
< elel 7 +A(e v+ leqa|

Considering k<i—1 and k£ < j < i, we have

Qi QT
Z = Hj,
7“j 7“j
T+ QT Tt Qg
> = Wi
T T
and
T+ o Tl + 1T
> = 1.
i1 Ti—1
Moreover,
T Ti—1+7Ti—1
a;—1 =1 —
le:]|“ e[ TlelT n
iy —ritH g i
= el g |€ia |
i1ty i1 togTy
= L
where
T1t oyt | Tt Q1T
> = b1,
i1 Ti1
Tl QT Tt ouTy
> = U;.
Ti Ti

By the above discussion below (30), letting ¢ > 0 be
sufficiently small, we conclude that there exist constants K ;
(1=1,2,---,n) such that

i=1

Hi + h(615627 o '7en)7

where h(e1, e, -, e,) is composed of higher order terms.
Therefore, if ¢ is sufficiently small, there exists a domain
D C R™ such that V(e) is positive definite on D, that is,

V(e) >0, Vee D\{0}. (34)
From (27), it is easily seen that
;<0(t=1,2,--,n) ©k>00(=12---,n). (35

If k; >0 (i =1,2,---,n), it is clear that V(e) is negative
definite due to (35) and (26). This, together with (34), implies
that the zero solution of (10) is asymptotically stable by

745
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Fig. 1. Time response curves as k1 = ko = k3 = 1.

Lyapunov Stability Theorem. Therefore the positivity of k;’s
is sufficient for the asymptotic stability of (10) .

On the other hand, if there exists a k; < 0, by (35) there
exists an [; > 0. In this case, by (26) we know that the set
G :={ee R | V(e) > 0} is not empty and e = 0 is
a boundary point of G. Therefore, from (34) and Chetaev
Instability Theorem, it follows that the zero solution of (10)
is unstable. This implies that the positivity of k;’s is also

necessary for the asymptotic stability of (10) [ ]
IV. SIMULATIONS
Consider the nonlinear system as follows:
&1 = 2,
iy =), (36)

,1':3 = —((kjlel/ém + k2$2)83/81 =+ kgﬂ?g).

It is easy to check that the system above is in the form (10)
with the monotone homogeneous degrees

4 4

Z,2,0
5775 )

(Tl,TQ,Tg) = (

relative to dilation A, with

9 83
) gv E)
Fig.1 shows the time response curves as k1 = ko = kg =1
and Fig.2 shows the time response curves as k1 =3, ko=1
and k3=2. The simulations show that the nonlinear system
with k1 > 0, k2 > 0 and k2 > 0 is asymptotically stable.

(7"1,7"2, Tg) = (1

V. CONCLUSION

For a class of power integral chain systems controlled by
a nonlinear feedback, the asymptotic stability is analyzed by
using homogeneity with strictly decreasing degrees (HSDD),
technique of homogeneous domination, Lyapunov Stability
Theorem and Chetaev Instability Theorem. In the future
work, we will investigate the general nonlinear systems
admitting HSDD.
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