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Electricity Price Dynamics in the Smart Grid:
A Mean-Field-Type Game Perspective

Boualem Djehiche, Julian Barreiro-Gomez, and Hamidou Tembine

Abstract—In this paper a profit optimization between elec-
tricity producers is formulated. The problem is described by
a linear jump-diffusion system of conditional mean-field type
where the conditioning is with respect to common noise and
a quadratic cost functional involving the second moment, the
square of the conditional expectation of the control actions
of the producers. We provide semi-explicit solution of the
corresponding mean-field-type game problem with common
noise. The equilibrium strategies are in state-and-conditional
mean-field feedback form, where the mean-field term is the
conditional price given the realization of the global uncertainty.

Index Terms— Electricity price dynamics, mean-field-type
games, smart grid

I. INTRODUCTION

Significant models of competition between producers have
been discussed in very simple terms. One widely investigated
model is the Cournot model [1]. Evans (1922,[2]) examined
the Cournot model for quadratic production cost output.
Based on the price model examine in Evans 1922, page 372,
Equation (4), the work of Roos 1925 [3], [4] considered
demand as depending not only on the present price but on
all previous prices as well. This leads to delayed integro-
differential equation. In page 163, Roos 1925 [3] defined
an open-loop solution concept for deterministic differential
Cournot games (which corresponds to the so-called open-
loop Nash equilibrium). Simaan and Takayama (1978,[5]) fo-
cus on the role of capacity constraints and assume the speed
of adjustment to be unity. Fershtman and Kamien (1987,[6])
extended it to allow for an arbitrary adjustment speed. They
investigated both open-loop and closed-loop Nash equilibria
of a class of deterministic differential Cournot game. Since
several interesting studies and body of literature have been
conducted on the dynamic Cournot oligopoly problems [10].

We study a stochastic dynamic Cournot game between
electricity producers where the price of electricity is adjusted
progressively with a local uncertainty, global uncertainty and
jump terms. Our base model is similar to Equation (2) page
163 in Ross (1925,[3]). See similar base model in page 372,
Equation (4) by Evan (1922,[2]). To that base model we
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add a key term which is related to the risk minimization
[7], [8], [9]. The risk is an important consideration when
uncertainty is involved in the environment. In addition, price
adjustment is subject to uncertainty which is modeled with
a local uncertainty, jump-diffusion and a global uncertainty.

Our goal of this article is to investigate how this simple
price model can be used to capture realistic behaviors ob-
served in smart energy systems. Our contribution can be sum-
marized as follows. We formulate a mean-field-type game
with common noise and jump-diffusion. The equilibrium
systems of such problems often involve a master system
which is a second order infinite dimensional partial integro-
differential equation. We provide semi-explicit solution to the
equilibrium system. We show that, generically, the structure
of the optimal strategies is in state-and-mean-field feedback
form. Here the key mean-field term is the conditional expec-
tation of the price with respect to the filtration generated by
the common noise. Thus, the mean-field is stochastic.

The rest of this paper is organized as follows. The next
section introduces the model and the key interaction terms
at affect the price. Section III examines longer term horizon.
Section IV briefly presents the computation of the Cournot
equilibrium when considering a static price. A decision
support on the market price is discussed in Section V. Section
VI concludes the paper.

II. THE SETTING

Consider a mean-field-type game described by the fol-
lowing settings. Let T := [tg, 1] be the time horizon with
to < ti. Moreover, there are n > 2 potential interacting
energy producers over the horizon 7. At time ¢t € 7T,
producer ¢’s output is u;(t) > 0. The price dynamics is given
by p(to) = po and

dp = sla— D — pldt
+ (adB +/ u(@)N(dt,da)) + 0,dB,, (1)
0cO

where D(t) := Y. u;(t) is the supply at time ¢, and B, is
standard Brownian motion representing a global uncertainty
observed by all participant to the market. The processes
B and N are local uncertainty or noise. B is a standard
Brownian motion, N is a jump process with Lévy measure
v(df) defined over ©. It is assumed that v is a Radon
measure over © (the jump space). The process N (dt,do) =
N(dt,dd) —v(df)dt is compensated martingale. We assume
that all these processes are mutually independent. Denote
by }'tB ° the filtration generated by the observed common
noise up to t, {B,(t'), ¢ < t}. The number s is positive.
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larger values of s the market price adjusts quicker along
the inverse demand. a, o, 0, are fixed parameters. The jump
rate size p(.) is in L2(O,R) ie. [ p(0)v(dd) < +oo.
The initial distribution of py is square integrable: Ep3 < oo.
At time ¢ € T, Producer i receives p(t)u; — C;(u;) where
C;: R — R, given by
riuf T, Z’[LIQ

2 2
is the instant cost function of . The term @; = E(u; | FF°)
is the conditional expectation of producer ¢’s output given the
global uncertainty B, observed in the market, . Tth last term
in the expression of the instant cost Cj, i.e., “5*, aims to
capture the risk-sensitivity of the producer. The conditional
expectation of the price given the global uncertainty B, up
to time ¢ is p(t) = E(p(t) | F°). At the terminal time ¢,
the revenue is —1e ™ (p(t1) — p(t1))?.

The long-term revenue of producer ¢ is

(p(t1) — B(t1))?

t1
+ / 6_>\"’t [ﬁul — C’l(ul)] dt,

to

Ci(ui) = ciu; + +

)

— ge_)‘ztl

2

Ri,T(p(h U)

where \; is a discount factor of producer ¢. Finally, each
producer optimizes its long-term expected revenue.
Moreover, number of remarks are in order.

This price dynamics model is interesting because it can
be re-interpreted as an error to the standard inverse
demand model.

The changing s allow us to navigate between several
regime.

the jump term N capture some of the big change in the
market that may happen randomly

The global uncertainty B, captures common noise in
the market, for example, weather conditions and tem-
perature field in specific season.

Based on the common noise that is observed, a condi-
tional price is calculated. The revenue is computed from
the conditional price.

This revenue model is similar to the one considered
by Jovanovic 1982 (see page 652 in [11]) who studied
discrete-time mean-field games for selection and evolu-
tion industry. Therein the conditional state appears well
as. However, [11] considered that firms are too small to
affect the price. Here, each of the n firms can influence
the price and cannot be neglected. Global uncertainty
was not considered in [11].

A. Why is this a mean-field-type game?

First, the setup considered here is a strategic game because
the producers are coupled through the price functional.
Second, two conditional mean-field terms are involved:

« the conditional price p(¢) based on the observations of

the common noise B, up to t.
« the square of the conditional control action

®) = [Bw | 7))

_2
Uy
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based on the observations of the common noise B, up
to t.

These mean-field terms make the problem a game problem
of conditional mean-field type. The resulting price dynamics
is of conditional mean-field type.

A strategy is a mapping that is progressively measurable
to respect the information available to the producer. It maps
an information set of the producer to its set of control action
R, . Let U; be the set of strategies of producer .

Definition: [BR; : Best Response of producer i] Any
strategy u;(-) € U, satisfying the infimum in (2)

sup E [Ri,T(p07 U)] 5
u, EU;

dp=sfa— D —p]dt

i 2
+ (adB + / u(@)N(dt,dQ)) +0,dB,, @
(C]

Po,

is called a best-response strategy of producer ¢ to the other
producers strategy u_; € Hj £ U;. The set of best-response
strategies of ¢ is denoted by BR; : [] il — 24i where
2U:i denotes the set of subsets of U;. &

B. Finding state-and-mean-field feedback Nash solution

The study of open-loop equilibrium in (deterministic)
differential games goes back at least to Roos (1925 [3],
pages 163-164). In the open-loop setting, the information
structure of the producer is restricted to the common noise
B, and producers are allowed to employ production output
functions of time and that are FPo-Be—measurable. This
means the control action law is in the form ¢;(t, po, Bo).
It does not explicitly depend on the price p(t). For the
integrability of the cost functional we impose an integrability
condition on u?. The set of square integrable, progres-
sively JFPo-Bo_measurable open-loop strategies is U =
L?]—'poﬁo ([tO’tl} 7R) :

In this subsection the information structure of the
producer is the the price process in addition to the
common noise. Therefore we look for state-and-mean-
field feedback strategies. The producer is allowed to
employ production output functions of time and that are
FPo»:Bo _measurable. This means the control action law
is in the form ¢; (¢, po, p, B,) . At each time ¢ the realized
price p(t) will be observed by the agent. The set of square
integrable, progressively FroP:Bo _measurable feedback
strategies is Z/lz-jb = L%, 05, ([to,t1] X R,R) . A state-and-
mean-field feedback Nash equilibrium is a strategy profile
u; € Z/{ifb such that u; € BR;((u;);:) and u;(t) can be
expressed as a function of (¢, p(¢),p(t)).

Dynamics for the conditional price
Since the conditional price appears in the cost function, we
would like to derive a simple equation for p as well. From the
price dynamics we deduce that the conditional price solves
the following stochastic differential equation:

dp =s[a— D — p|dt + 0,dB,, p(to) = po,
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where D = ", 4; is the conditional expectation of the
supply. Thus, the mean-field term p is a stochastic process
driven by the common noise B,. For given D, this is an
OU (Ornstein-Uhlenbeck) process, stabilizing around the
trajectory of a — D as time ¢; gets larger.
Proposition: Generically, the problem has the following
interior solution (if any):
Equilibrium strategy in state-and-conditional mean-field
feedback form:
SONLI _ _lfsi—ci 5~1'
UT:—” (p—p)+p( BT)HE + %)
Conditional equilibrium price:

3

p(to) = Po,

Stochastic Riccati system:

52 &
d~i: )\z 2 ~i—*~2—2 2~i -2 det
a (i +2s)a G —2s°a E :

% — T
JFi
+di,odBoa
a;i(t1) = —q,
; 1-sp
4 =d(n + 29)5,— L= r2sp 3 L ily,
T —+ 7‘1' — ’I"j ’I"j
J#£i :
N +ﬂi,OdBOa
Bi(t1) =0
A3 = { (N + 8)7i — sBia — Bi000

n (1= sBi)(c; + s%i) + 5 Z 1— s

ri"‘Fi

dé; = { Aid; +102ﬁ1+1a2 <a +/eu (9)V(d9)>

1 (ci + 3'72)
+S,yla + ,YZ OUO + 2 ’r‘l + T,L

T P i}

dt — 0,3,dB,,
‘- ri+7T;

bi(t1) =0,

Equilibrium revenue of producer i:

1 1
Egai(to)(p(to) —Po)® + iﬁi(to)ﬁg +7i(to)po + di(to)-
Proof: In Appendix. [ ]

Taking the expected value of the conditional equilibrium
revenue, we obtain

iai(to)var(p(to)) + %Eﬂi(to)ﬁg + En;(to)po + Edi(to)
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III. LARGER HORIZON AND STATIONARY SOLUTION

We consider in this section the maximization of the
performance criterion limy, —t,— 400 ER7(po,u). We are
interested in studying Nash equilibria within the class of
linear time-invariant strategies.

Limiting feedback strategies

Denoting a set of feedback Nash equilibrium strategies for
the finite horizon game uf bT, and those for the infinite hori-

zon horizon game by u{ ioo. We will study the relationship

between ufT and u{ljroc
As t; — +oo, the coefficient «; vanishes and the
(unconstrained) equilibrium strategies becomes
o (L —8Bi) — (ci+ 5%)
ui,Jroc - T + 7l 9
1 2 ~
~ (]. — Sﬂz) Sﬂj
—Ai —25)3; + ———— —2s — =0
(= )P Ty T BZZ ri+ T 7
B JAi
/Bi,o = 07
Producer i will participate if the price is interesting enough
to get a some revenue. Let p. = ‘ijijg If in addition, o,

vanishes then the following structure

R L R R
% T+ T =7
0 otherwise

provides a stationary equilibrium. When the price increases
the equilibrium output of the producer 7 increases because
1-— 3@* > 0. There is a stationary equilibrium price and it
is given by

—k CJ+S’YJ
P = +ZT]+T

1+le_8?? )

Moreover, if the game starts at py # p* the closed-loop
equilibrium price converges exponentially to stationary equi-
librium price. The learning dynamics stabilizes quickly to the
steady state price. Note that when the speed s goes to infinity
sf; has a limit 3; and the limiting electricity price is

- Cj—|—:)/j* "1- ]*
s —=o00)=|a+ 1+ . 4
o ) ;T‘j-‘rﬂ / ;Tj-‘v-fj @

Remark: Notice that the result presented in this paper can
be extended to linear coefficients for o, (), and og.

IV. StAaTIC COURNOT COMPETITION EQUILIBRIUM
PRICE

We are interested in investigating the implications of
considering the dynamic learning price model as in (1)
with respect to the static price scenario, i.e., considering
p = a — D. We compute the static revenue of producer ¢
being

Ri7(u) = {[a = Dlu; = Cifui)}As,
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t1

— At
to € dt,

where A; =

1 _
Ci(ui) = ciu; + B (ri +75) uj.
Hence, the interior best response (if any) of the static Cournot
game is given by
uf € argmax{(a — D)u; — Cy(u;)},

u ER
A= YU — G

247ri 7
Hence, the static Cournot equilibrium price is given by

n

>

j=1

1

- 5
1+7’j+f]‘ ©)

C ¢
b= a+j2:; L+7r;+7; /
Finally, notice that the presented analysis allows us to
determine if the consideration of the price dynamics (1) in
the market is beneficial for the consumers. This is evaluated
by comparing the price in (4) and (5).

V. DECISION SUPPORT

In practice it is often not desirable to change continuously
the price. Thus, the above “virtual” price adjustment model
will be used as a learning feature to help the decision-maker
before acting on the real” price for the next time-block. For
example, if the price is decided every three months cycle
then this base model can be used to determine the electricity
market trends and tendencies. If the price is almost in real-
time, this simple adjustment technique can also be used with
higher speed s.

VI. CONCLUDING REMARKS

In this paper we have examined a price formation in smart
energy systems using a price dynamics model introduced by
Roos in 1925. We have introduced a common noise in the
environment. Since the common noise is observed, producers
can condition on it and exploit that information. The new
conditioned price affects the revenues of the producers. We
have provided explicit solution to the master system of
corresponding mean-field-type game with jump-diffusion and
common noise. It is shown that the optimal strategies are in
state-and-mean-field feedback form.
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APPENDIX

Proof Proposition: We provide a proof of the main result
of the paper. To do so, we first write a generic structure of the
discounted revenue functional, with unknown deterministic
functions to be identified. Inspired from the structure of the
terminal revenue function, we try a guess functional in a
quadratic form. Let

fi(t,p) = %ai(t)@ -9+ %5i(t)ﬁ2+%‘(t)ﬁ +0:(1),

where «, 3,7,d are random functions of time ¢, that are
F P2 —measurable such that

fi(ty,p(t1)) (p(t1) — p(t1))?,

i.e., O[i(tl) = —qe_)"itl, Bz(tl) = P)/'L(tl) = (51(t1) 0
Using It6’s formula for jump-diffusion process one obtains

dp? = (25;5(& - D—p)+ st) dt + 2po,dB,, (6)
Bip*| _ p*dBi | Bid[p?]

d [ 2 | T2 T2

therefore, replacing (6) in (7) yields

d {51]32

2
We compute the difference between p and p.

q — ity
= ——€ ‘
2

+ ﬁi,()ﬁaodty (7)

1 1 _
] = §ﬁ2dﬁi + 5@ (23}5 (a - D —]3) + ag) dt

+ Bipo,dB, + B; opoodt.

dlp—pl=-s(D—-D+p—p)dt
+ <adB+/®u(9)N(dt7d9)>a
dlp—p° =2(p—p) (adB + /@ p(O)N(dt, de)) +

—2s(p—p)(D—D+p— P)dt+<02+ /@ ﬂ2(0)u(d9)>dt. (8)

Moreover,

. — 5)2 — D)2
1 {az(p p) ](p P s + Lasd [(p— 52 +0. ©)
2 2 2
and replacing (8) in (9) yields
. — 5)2 —p)2
d[az(p p) ](p D dostLan <02+ / ,ﬂ(e)y(de)) at
2 2 2 e

—s(p = p)ai(D — D+ p—p)dt + (p — p)ayod B
+ (p— D) /@ w(0)N(dt,ds).
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Finally,
d[vip] = pdy; + (s7i (a — D — D) + 7i,000) dt + 057;dB.

Taking the conditional expectation with respect to the
filtration ]-"f ° we arrive at

E [ filt1,p(0)) — fulto, p(to))] FE7]

t1
= % / (p —p)? (day — 2s0ydt) — 2sa;(p — p)(D — D)dt
| 1 [
+= / a; <0'2 + / uQV(d0)> dt + = / P2 (dB; — 2s6;dt)
2 t 2 Ji,
1 ! _
—|—§ / 25B;p(a — D)dt + (028; + 2B4.0p0,)dt
2
1 t1 ty
+*/ 2Bipo,dB, +/ p(dvi — svdt)
2 40 fo ty
—I—/ (s7i(a— D) + 7,00, ) dt + / 0,7:dB, + dé;,
to to

The expected revenue can be expressed as
e ME [ﬁui — Ci(uy)] ffo}
= e MR {(ﬁ — ;)] ff"}
—e™N'E [%Ti(ui — ;) + 5 (ri + 7)) (W:)?| Fe |,

We now express the difference between the long-term rev-
enue and the guess functional.

E[Ri T — fi(to,p(to))| F°]
— e [ (p(t) — (1) P FE]

2
+%]E /t:le“ (2(p — ci)ty — ri(u; — @;)?
—(ri 4+ 7i)(u)?] ffo)dt + E% /toz; — p)*(da; — 2sa;dt)
+% /t t 2sas(p — B)(D—D)di+a; (a + /@ O) (d@))dt
+% /t :;2 (dB; — 28B,dt) + 2sBp(a — D)dt
+% / " (26 + 28u0p0,) dt + 26,p0,0E,

t
t 0

+ [ 5= s3d0) + [sa = D)+ 51
0,
—F/t1 0o7:dB, 4 dd;.
to
Therefore
E [Ri,T — fi(to, p(to))| ffo}
= (0t) Z 0 () - pit)?) ]
+E /tlem (2(p — co)ti — 7ius — w5)* = (ri + ) (1))
to

—2s0(p — p)(D — D) — 2s(Bip + ;) Dt
JrE/tl 2 (de; — 25a4dt)+ai(02+/ 2(0)V(d9)> dt
" i i D) @lu

(p—p)
2
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1
—|—§/ P2 (dB; — 2s6;dt) + 2sB;pa dt
1
+§ / Qﬁz + 261 opao)dt + 2B;po,dB,
to

+ / (dyi — s73dt) + [s7via + Yi,000]dt
+/ Uo’%dBo + d6i7
to

We now use a completion of square technique. Therefore,
the term

e M (2(p — )i — ri(ug — @) — (ry +75)(4)?)
— 2sa;(p — p)(D — D) — 2s(8;p + ;) D
is equal to
—(ri+7) e M)+ 2 [(p—ci)e M — s(Bip+ )] Wi
—rie Mt (uy — ;)% — 2s04(p — ) (ui — ;)

—2sa;(p — p)(D-; — D
—(ri + Ti)e_m(ui—p(

sa;(p —p)
rie~Ait

i) — 2s(Bip+ i) D—;
e N =) — (cie N +s7,))
(7"7; —+ 771')67>‘it
22

>2+(p—13)2< ~t

rie~Ait

— e Nt <uZ —Uu; +

Qj L (e —s8)?
+25%a; ! + 2( —
l ; et | TP G e
256,y e™ ! — 5B Y (e M'=sfi)(cie N +svi)
Z#i(rj + 7j)e At (i 4+ 73)eNit
(e%" — sB;) (cje™ " +575)
+57i i wr il 1Tl B e we
Z;(Tﬂ”j)e Hat Z; (rj +7j)e At
(cie™ M 4 57:)? 9gnys (cje™M" +575)
* (s + 75)e At e Z (rj +7j)e Nt
? ? j#i J J
@

where we used D_; — D_; =
_ e Nt — sB
D_;=p — v
; (rj +7j)e Nt
It follows that

E |:Ri,7’ — fi(to, p(to))] ft’fo}

At

_Z(TJ +rj)e

J#i

+ 57
) —Ajt”

a;(ty) — ge~ Mt _
- %E [(0(t1) - ple)?) 7]
Ble—Nit_g 3, it N 2
E/ 7“1—1-7"1 o—Nit ﬂlfp( s5Bi)—(cie +57;) di
2 (r; + rl At

)
E/fl T —)\t — Saz p p dt
4o g rie =it
t1 2 2
—HE/ {ai—k( 2say; + ;t
to rie =N
2 Q;
+2s°q; Z S dt

J#i
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1, (et — sf3;)2
e 5 4 (9B, LN T oP
w3 [ {an o S

(e — sB))
=250 Y ———7)dt
; (rj +75)e !
ty
+/ P {dy; — syidt + sBiadt + B; ,00dt

to
(e7" — sBi)(cie” " + s7i)
(Ti + ﬂ)e"‘it

(e7h! = sB)) (cje ' + 5v;)
—8%i + 50 - 5.7
; (r; + )e (r; +7j)e= 2t ; (r; +7;)e" 2t
+ d6 + { 2B+ az (02 + / u2(9)v(d9)>
e
+3710' + ’Yi,oo'o] dt + Uo’YidBo

1 (cie™™ 4 574)? n Z (cje " + s5v5)
2 (r; +7;)e Nt 7 vy (rj +7j)e At
j#i

+fgio'()dBo -

We deduce that E [Rmffi(to,p(to)ﬂ .7-"5(’ < 0 and
the equality occurs when the random coefficient solves the
following system:
o plem Nt —8By) — (cie™ At 4 sy)
u; -
¢ (ri +7;)e it
Equilibrium strategy in state-and-mean-field feedback form:

ul = _sai(p — D) +al,

rie— it
sQy ple™ M = spBi) — (cie™ M + s7i)
(7'1' —+ fi)e*)‘it

)

=———5/-

rie=Nit P+

)

Conditional equilibrium price:

cje Nt + sy,
dp = AL N
p=s a—i—g i+ et
n —Ajt
e Nt — 3B,
—p|1 ——J 1| dt + 0,dB,,
g Jr]; (rj +7j)e! e
p(to) = Ppo,
Stochastic Riccati system:
s?af a;
da; = — | —2sa; + p— + 2s alz pp—— dt
1 . J
J#i
+ai,odBov
ai(ty) = —ge ",
(e = s8:)?
d P = — —2 i
Bi < sPi + (r E e
(e " — sB;)
2852 )\ dt + Bz}odBoa
jzyéi (rj +75)e ! ‘
Bi(t1) =0,
d’Yl = {5’71 - Sﬂia - ﬁi,oao
i (e —sB)(cie™ N +s7i) +87'Z (=" — sB))
(ri +Fi)e= Nt " (ry+ry)e
( —/\jt +S’7j)
—spBi ; s Fry)e Mt dt — Bio,dB,,

a5 = {5020+ gauto® + [ wtOwtan)
1( At_'_s%)z
2 (r; +7)e Nt

(cje ™" + 57;)
o ; Yl

+S’Yia + Vi, 000 +

0ovidB,,

0;(t1) =0,

Conditional equilibrium revenue: Sa;(to)(p(to) — Po)? +
LBi(to)P3 +i(to)Po+6i(to). Set & = aerit, B; = Bietit.
Then, Equilibrium strategy in state-and-mean-field feedback
form:

54 p(1 = sB;) — (ci + s7%)

uj =——@pP—p)+ = ;
T T + T
7 K2 7

Conditional equilibrium price:

dj = s +Z:cj—ks'yji_ 1+Zn:1—s?j a

T+ T = Ti T
+0,dB,,
p(to) = Po,
Stochastic Riccati system:
da; = < (N +29)ay ——04 —2s%a, Z
J#i
+&i,odBo7
a;(t1) = —q,
= = (1—sp)? -5
dB; =q(\i + 28)51‘—7( ﬁ_) + Sﬁiz ﬁj
T+ T po ri+ 7
+ﬁi,0dBOa
Bi(t1) =0,
a5 = { i + 5)3i = sfia = B0,
(1 — 851’)(01‘ + S:)/l) ~ 1-— SB]'
+ i + 7 4> ri 47
i 7 i J J
—sB 3 G R 4t~ BoydB,,
o it
J#i
& =0,
{ ﬂz—k ozz (a —i—/u (9)u(d9))
- 1 (c; + 5%)?
+871a + Yi,000 + B (7"1 T 7";)
cj + S’)/] ~
dt — 0,%:d By,
+57, ZZ s + 0o
8i(t1) =0,
completing the proof |
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